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S1 Formal derivation of the continuum Egs. (5) and (12)

In this supplementary information, we present the full formal derivation of the continuum
model (5) and (12) from the individual-based model described in Sec. 2.
When the dynamics of the cells and the local environment are described by the rules outlined

in Sec. 2, then the master Eq. (1) is given by
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S1.1 Equation for cell density

As is standard in the literature, we define the ensemble average for the function, f, of the number
of cells at position 7 in state 7 and the number of elements of the local environment in lattice

site ¢ in the following way:
<f(n',z,ez)> = ZZf(nzael)p(nu e, th) (82)

Now, returning to Eq. (S1), we first take moments and multiply by n¢, where s = 1,..., N, +1
and ¢ = 1,..., N, + 1 and take the sum over the vectors n and e. The final term in Eq. (S1)
corresponds to the evolution of the number of elements of the local environment, and does not
contribute to the cell dynamics. Then, to begin with, we consider only the first remaining term

on the right-hand side, which we denote by I, in the following way:
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To continue, we must now consider the following cases in turn:
e IiiiF s, jF¢q— 1
o [r:i#sand j=q;
o [s3:i#sand j=q—1;
o [y:i=sand j#q,q—1;
e [5: i=sand j =g;
o J[g:i=sand j=q— 1.

We begin with the case I; where ¢ # s and j # ¢,q — 1. In this scenario, we find
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Under the change of variables ﬁ{ = nf —1 and ﬁz R nf 141 in the first term, we have that
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where we can arbitrarily drop the bar after the change of variables.

Next, we consider the case when i # s and j = ¢, and apply the same change of variables



argument (with n] =n! — 1 and ﬁgﬂ = ngH + 1) so that
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Finally we consider the last case for ¢ # s, namely, where j = ¢ — 1. Once again, by changing
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the variables using 7! ~ =n! " — 1 and n] = n! + 1, we have
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As such, we can see that there are no contributions arising from the terms for which ¢ # s.

Now we can consider cases where ¢ = s. First off, we consider j # ¢,q — 1, and apply the
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Then, considering ¢ = s and j = ¢, we see that
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Now we want to separate the terms and apply the change of variables nf = nl — 1 and pitt =

q+1 + 1 in the first term to see
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Finally, considering the case when ¢ = s and j = ¢ — 1 we have
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Separating out the two terms and applying the change of variables 7l = ng + 1 and T

n?' — 1 and then dropping the bars in the first term, we see
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Putting these all back together, we find that
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Now we repeat this process for the second term in Eq. (S1), which we call J:
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and consider the six cases: Ji,...,Js (defined in the same way as before) where we have i =

s,i#8,j=q,j=q+1,and j # q,q + 1. Starting with ¢ # s and j # ¢, ¢ + 1 we see, using the



change of variables ﬁf = nf —1 and ﬁf 1= nf -1y 1, that we have
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Next, we consider the case when ¢ # s and j = ¢, and apply the same change of variables

argument (with 2] =n! — 1 and n] t= n?il + 1) to the first term:
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Finally we consider the last remaining situation when ¢ # s, where j = ¢ + 1. Once again, by
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changing the variables using n} '~ = n?“ —1 and 1! = n! 4+ 1, we have
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As such, we can see that there are no contributions arising from the terms when i # s.

Now we can consider cases where ¢ = s. First, we consider j # ¢,q+ 1, and apply the change
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Then, considering the case when i = s and j = ¢, we see that applying the change of variables



Al =n?—1 and n? -1 ngfl + 1 in the first term, we have
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Finally, considering the case when ¢ = s and j = ¢ + 1 we consider term Jg. Using the change

of variables 7 = n? + 1 and 74" = n?™" — 1 and then dropping the bars in the first term, we

see that
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Putting these all back together, it is clear that
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Next, we consider the terms modelling movement in physical space in time step A;. Returning
to Eq. (S1), we look first at the third term on the right-hand side, which we call K. For this

term, we once again consider the cases j =¢q,j # ¢q,i=s,i=s—1and i # s,s — 1 in turn, so
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Considering first the case where j # ¢ and i # s,s — 1, and applying the change of variables
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Now consider j # g with i = s. Applying the change of variables il =nl—1and ﬁg 1= ni, 1l
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and dropping the bars, we have
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Next we look at j # g with ¢ = s — 1. If we apply the change of variables in the first term and

drop the bars (7 =nl + 1 and #/_, =n!_| — 1), we have

Ny+1
K3zzznq Z B—(j, Ns—1,€5-1) ¥
Jsﬁq
{(ng—i—l)p([n{,...,ng_l—1,ng+1,...,ng\,z+1],e,th)—ngp(n,e,th)}

Ny+1

ORI

Jsﬁq

{ﬁép([n{, cLml Al SN, 1)s €5 th) — nIp(n, e, th)}
Ny+1

_Zznq Z B .7) s—1,€s—1 {n neth _njp(neth)}
Jsﬁq
= 0.

Now we consider the three cases when j = ¢. First, when i # s, s — 1, we apply the change of
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variables n] = n! — 1 and FL?H = ng_H + 1 and dropping the bars, we have
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Now consider i = s and the change of variables i = n — 1 and n! 1= nl 41+ 1 to give
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Finally, consider i = s — 1 with the change of variables ! ; =n? ; —1 and nf = nl+ 1 to give
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Bringing back together these terms, we have
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Now consider j # g with ¢ = s. Then, applying the change of variables il = nd —1 and
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Next we look at j # g with ¢ = s 4+ 1. If we apply the change of variables in the first term and
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drop the bars (74 = nl + 1 and ﬁgﬂ = ngH — 1), we have
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Now we consider the three cases when j = ¢. First, when i # s,s + 1, applying the change of
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Now for i = s and the change of variables il = n? — 1 and ﬁgq = ngfl + 1, we have
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= Z Z B—i—(q) Ns+1; es—l—l) {(ng - 1)7’Lgp(l’l, €, th) - ngngp(nv €, th)}
n e
= - Z Z ﬂJr(q’ NSJrla eerl)ngp(na e, th)
n e

= —(B+(¢; Not1, €s41)nd).
Bringing back together these terms, we have

L=L14+Lo+Ls+Ls+ L5+ Lg

= <6+ (Qa N, es)ng—1> - <5+(Q7 Ns+17 €s+1)ng>'
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Finally, we must consider the last term in Eq. (S1)

Nr+1 N.11+1

M = Zzng Z Z {7(]3 Nz - 1,&)(”‘3 — 1)p(Gi,jn,e,th)

i=1 j=1

- 7(j7 Ni7 el)n‘zp(n7 e, th)}
Ny+1 Ny+1

+
:ZZH(SI Z Z {f)/(iji_laei)(ng_1)p([njl7"'7ng_17"'7n§\71+1]7e7th)
n e i=1 j=1

— (i, Nise)nlp(n,e,tn) |

:M1+MQ+M3+M4+M5+M6.

Again we consider the cases i = s,i # 8,5 = q,j # q. First, begin with i # s and j # ¢, and
use the change of variable ﬁz = n{ — 1, noticing that N; — 1 becomes N; when we change the

variable. Dropping the bars gives

M = Zzng Z Z {’Y(j: NZ - 1761)(71’5 - 1)p([nj17 s 7ng - 17 oo 7n§\/'z+1]7e7th)
n e i=1 j=1
— (i, Nies)nip(n, e, th) }
= Z an Z Z {7(]7 Nia ei)ﬁijp([njp cee 7ﬁga s ang\[x_t,_l]veath)
n e i:17 j:17
i#s  j#q
- 7(]7 Ni? ez)n‘zp(lh e, th)}
Nz+1 Ny+1 ' A
=33 02 > Y A6 Nie) {nfp(n,eih) — n{p(n, e,th)}
n e =1, j=1,
i#s  j#q
= 0.

Now consider i # s and j = . Using the change of variable n] = n! — 1, along with the newly
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defined N;, before dropping the bars we have

Ng+1
Mg—zznqz { ¢, Ni — 1,e;)(n! = Dp([nf,....n{ —=1,...,n% 4],e,tn)
=1
zz;zrﬁs
- W(Q7Niyei)ngp(n>eath)}
Ng+1
= Z an Z {7(q7Nza ez)ﬁgp([ngv s 7ﬁ;;]7 R 7n?\fz+1]aevth)
n e i=1,
i#£s
- V((b Ni? BZ)ngp(n7 €, th)}
Ng+1
= Zznq > (@ Nises) {nfp(n, e,tn) — nip(n, e th)}
1
Zz;és
= 0.

Now take i = s and consider j # ¢. Using the following change of variables, 7l =nd —1 and

N, = N, — 1, we see that

Ny+1

Mgzzzan{ 5 Ns = Leg)(nd — Dp([nd,...,nd —1,...,0h ] e tn)

7=1,
j#q

- 7(]7 Nsv es)ngp(na €, th)}
Ny+1

_Zznq Z { (4, Ns, es)7 gp([n{,...,ﬁg,...,ngvzﬂ],e,th)

e J=1,
4

(. Noses)nip(n,e, 1)}
Ny+1

= Zan Z (j, Ns, es) {nsp n,e t,) — nip(n,e th)}

7=1,
i#q

=0.

Finally, consider i = s and j = ¢ with the change of variable 7l = nf — 1 along with N, in the
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second term, and then drop the bar to give

M4=ZZ”§{’Y(Q7NS—1 68)(” _1) ([ %7"'1”3_17---7n?vz+1]>eath)

— (g Ny, es)nlp(n, e, ) }

= ZZ {'Y(Qa N& es)nd(nd + l)p([n‘f, ce s 7nt]I\/'z+1]7 e, tn)

n e

= (g, Nus es)(n)*p(m, e, 1) }
_Zzn’yanS?eS (n7e7th)

= <7(q7 NSa eS)ng>‘

Combining all of these calculations, we can rewrite the master equation, Eq. (S1), as

S nt) = (50 Nosent_y) + Altw (0. Mo e2)ny)
= A 0B (@ Noms o)) = 2 {84 (a. Nots o))
+ (g = LN et >+A1t< (g + 1, Ny, et
e N eat) = -G (a, Vo))
At< v(g, Ny, e5)nl).

(S3)

This mean equation is related to a partial differential equation model in the appropriate limits

as Ay = 0, Ay — 0 and A; — 0 simultaneously, and the discrete values of (ni (tn)) and (e;(tn))

are written in terms of the continuous variables n(x,y,t) and e(x,t), respectively. Eq. (S3) can
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be rewritten as follows, using mean-field approximations,

on(x,y,t)

- — AltBJr(y’ plz,t),e(x, t))n(x — Az, y,t)

+ 3B (0 pl. ), el (e + sy
- Aiﬂ—(ya P(x - Azat)a 6([1} - A$7t))n(x7y7t)
t
= A B pl + D). elo + s (e 3.1)
+ 7M+(y - Ayvp(xa t)7 e(x,t))n(:z,y - Ayvt)
+ 7M—(y + Ayvp(xat)v e(x7t>)n(x7y + Ayat)
- Ai/'“r(yap(l‘at)? e(:E’t))n(m?y,t)
t

- Altu—(ym(%f)a e(@,t)n(z,y,1)

+ 27 pla 1) el (e, 1), (84)

Then, we can employ Taylor series expansions in Eq. (S4) and take limits to give

on(z,y,t) 1 0 A2 9?2
= - T o s Y 5 .9 ) 7t
ot At6+(y7p(x7t)7e($7t)) [n(x,y,t) A &rn(:ﬁ Yy t) + 9 8.%’2n($ Yy )

B sl ), 0) |, )+ A Dol ) + 52 (a1
At -y, p\x,1), (T, n\x,y, xaxn xz,vY, 5 8332” x,Y,

1 5, A2 9?

- Kt B*(ya P 6) - Ax%ﬁf(yvp? 6) + 7@B*(yapv 6) n(x,y,t)
1 9 2 52 ]

- Kt ﬁJr(ya P 6) + Ax%ﬁ+(y7p? 6) + 7@B+(yapv 6) n(:z:,y,t)
1| ) AZ 52 ]

oA, [pr W e) = Byg (v pre) + 7‘1’872#+(y,p, e)| x

d A2 52
n(m, Y, t) - Ay@”(% Y, t) + 7@”(:5’ Y, t)

K AZ 92
A, p—(y,p,e) + yafyuf(y,pye)Jr?anyuf(y,p,e) X

) 2 p2
y%n(x’ Y, t) + 7ya—y2n(x, Y, t)]

[n(m,y,t) + A
e (yp( ), e ), 1) — e (s p(, 1), ez, )l 1)
Ay Ay

+gg@mmwﬂmwmw%w+O@®+O@@+O@n
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Rearranging and collecting terms, we obtain

S, yot) = 32 5E (50l 0, e(2,0) = By, plas ) el 1)) )
;‘A - ((5_ (0, (), (1)) + B (s (s ), 1)) ) (1)
et (B (ol ), o0z, 1) + B (3, L, ) el ) ))
+ 2 (- o). e 0) = s (02 plat) 1) Yl .0

A2 2
+ 2Ayt(‘fy2 ((,u, (y, p(x,t),e(x,t) + pt (y, p(z, t),e(x,t)) )n(a:,y,t))

+ Altfv (y, p(x, 1), e(x, 1)) n(@, y,1).

We take the parabolic limit as A, Ay, Ay — 0 simultaneously (assuming n(z,y,t) ~ O(1)),
and define

lim

Ap,Ar—0 % (6 z,t)) = B4 (y, p(z, 1), e(z, 1))
A2 (

AIX?AOQAt B ))+B+(y> ($,t),€(l’,t)) :Dm(y,p(x,t),e(a:,t)),
L Aj (- (W ol ), e, 1)) = iy (s p(a, ), e, 1)) ) = 0Py, p(a, ), ela,1)),
A2

im SR (e wopla 1), el 1)) + s (3 ol 1), )

Jim) -7 (0 (). e 1)) = (g, pla ). el 1)

The final equation for the evolution of the cell density is therefore given by

+ % <Dm (y,p(l’,t), 6($at)) %R(ZE, y’t)

ey 1) D" (y,p<x,t>,e<x,t>>>

+ aay (W (y, pla, 1), e, 1)) n(z, y, 1))
2
+ 88:1/2 (Dp (y, p(l‘, t), 6(35', t)) ’I’L($, Y, t))

+r(y, pla,t),e(z, 1)) n(z, y,t).
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S1.1.1 Model equations on the boundaries

We can repeat the above analysis for the boundaries of physical and phenotype space in order to
retrieve the boundary equations. We note here that when looking at the boundaries for the cell
equation, all terms involving change in the number of elements of the local environment provide

no contribution and can be ignored hereon in.

Boundary condition at x = Xpin. Revisiting Eq. (S1) to derive the equation on the left-

most lattice site, we multiply by n{ and sum over all possible states n and e:

0
ALY D iz pmiety) + O(A)
n e
Nz+1 Ny

—Zan Z Z,u (G+1, N,,el){( /™ 4 1)p (Upm,e th)—nj+1p(n,e,th)}

=1 j=1
Np+1 Ny+1

+Zznl Z Z ,LL+ -1 Nl)el) {(ngil —{—l)p(Di]n, e, th) _n‘gilp(nvevth)}

i=1 j=2
N Ny+1

+ZZTLIZ Z B-(j4, Ny, e;) {(n{+1+1) (Ri'm, e ty) — g_Hp(n,e,th)}

=1 j=1
Np+1 Ny+1

+ZZTL1 Z Z B+ (4, Ni,e;) {(nz_l—l—l) (Liimn,e th)—nj 1p(n,e,th)}

=2 j=1
Np+1 Ny+1

PDILDIDIL {206, Ni = e (n] = Dp(Gign,e,th) =1, Niseo)nlp(m, e, tn) }.

(S5)

From earlier working, we know that all terms describing a movement in physical space give
non-zero contributions when j # ¢, and hence can be ignored. Now, starting by considering the
first term on the right-hand side of Eq. (S5), we consider the non-zero contributions from the

cases j =q and j =g — 1. Using j = q:

Ng+1

St 3 ) {7 D) 0 o)
Ng+1

ZZZW&] Z p—(q + 1, N, ;) x
n e i=1

{(ngJrl +Dp([n,...,nd — l,ngJrl +1,... ,nNyH], e, tn) — n‘?Hp(n,e,th)} . (S6)

3 (3

As per previous calculations, the only contributions here will come from terms where i = 1.

Looking at these, we see that if we employ the change of variables an = n‘f+1+1 and 7} = n—1
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in the first term, then we can rewrite the right-hand side of Eq. (S6) as

D> (g4 1Ny en)x
n e
_ _ g - Ny+1
{n‘f“(n‘f + Dp([ng,...,nd, n({ﬂ, cony ) e ty) — n‘fn(fﬂp(n, e, th)}
= Z Z:u—(q +1, Ny, 61) {nt{—i—l(nt{ + 1)p(n7 eath) - nt{ng_‘_lp(n?eath)}
n e
=3 u_(g+1,Ni,e1)n{"'p(n, e ty)
n e

= <:U’—(q + 17 Nla 61)n%+1>.

Using j = ¢ — 1 and i = 1, with the change of variables ¢ ' = n?' —1 and 7? = n? + 1 in the

first term of Eq. (S5), then we have

> nlu(g,Ni,e1)x
n e
{(n(f + 1)p([n%7 e 7n(f—1 - 17”? + 17 sy niVerl]’ e7th) - n({p(nu e7th)}

= ZZ:U’—((]’vael)X

_ g1 - Ny+1
{n‘f(n(ll —Dp([nt,...,n¢ " ad...on v ] e ty) — n(lln(fp(n,e,th)}
=33 (g, N, er) {nf(nd — p(n, e, ) — ninip(n, e, ty)}
n e
= - Z Z H— (Q7 N17 el)ngp(rh e, th)
n e

= —(u—(q, N1, e1)ni).

Considering the second term of Eq. (S5), we need to consider the casesj = ¢ and j = g + 1, for

it =1. For i =1 and j = ¢, using the change of variables ﬁ‘{_l = n(f_l +1 and 7Y =nf —1 we
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have
Z Z n({)qu(q - 17 Nla 61) {(n[{_l + 1)p(DI1),qn7 €, th) - n({_lp(na e, th)}

n e
= ZZ”?/M(Q —1,Ny,e1)x
n e
{(n‘{_l + 1)p<[n%7 oo 7n(f_1 + 17”? - 17 .- '7nivy+1]7evth) - ni]_lp(n7eath)}
= ZZMJr(q — 1, N1, e1)x
n e

{ﬁ%_l(ﬁ({ + 1)p([n%7 e 7ﬁ(f—17 ﬁ%v v 7nivy+1]7 €, th) - n?n?_lp(na €, th)}

=33 wila— 1, Nen) {nf 7 (nf + Dp(m, e ) = ndndp(n e, tn) }
n e

= Z Z M+(q -1, Ny, el)ngilp(n’ €, th)
n e

= (us(q — 1, Ny, en)nd ).

For the case j = ¢+ 1 and i = 1, the change of variables ﬁ‘f“ = n‘f“ —1 and n{ = nf +1 gives

Z Z n?ﬂ"l’(qv Nla 61) {(nl{ + 1)p(D]iqna e, th) - n({p(na e, th)}
n e

:Zzn(fﬂJr(q,Nhﬁ)X
n e
{(nlf—l—l)p([n%,...,n‘f—i—l,nl —1,...,ni\7y+1],e,th)—n‘{p(n,e,th)}
:ZZM+(Q,N17€1)X
n e
P g Ny+1
{n‘f(ncll — Dp([ni, ... ,n({,n‘fﬂ, cey v e ty) — n(fn(fp(n,e,th)}

= Z Z N"i‘(q’ le 61) {n({(n({ - 1)p(n7 €, th) - n({n({p(nv €, th)}
n e
==> " (g, N e)nip(n, e, ty)
n e

= —(u4 (g, N1,e1)nd).
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Now, looking at the third term of Eq. (S5), which governs movement in physical space, for j = ¢

we have
Ny
Z Z n(f Z 5— (q) Nia ei) {(ng-i-l + 1)p(Rglqn’ €, th) - n;‘1+1p(n7 e, th)}
n e =1

Ng
=3 > 0l B(g, Nisei)
n e =1
{(ng—i-l + 1)p([n(f7 s 7”? - ]-7 n?.i.l + 17 ... 7n(]1\[z+1]7e7th) - n;‘1+1p(n7 e, th)} )

which only produces non-zero contributions when i = 1, namely,

Z Zn%ﬁ,(q, Ni,er) {(nd+ Dp(nf —1,nd+1,... ,n?vx+1],e,th) —nip(n,e,ty)}
n e
= Z Zﬂ—(% Ny, 61) {(ﬁ(f + 1)77,%])([7@?,@%, s 7n(]1\/z+1]7e7th) - n‘fngp(n,e,th)}
n e
= Z Zﬁ—(% N, 61) {<n(f + 1>ngp(n7e7th) - n{{ngp(lhe?th)}
n e
= ZZB*(QaNlael)ngp(ILe’th)
n e

= <B—(Q7 Nl) el)ng>,

where we used the change of variables nf = n{ — 1 and 74 = nd + 1, and then dropped the bar.
Next, this argument can be repeated for j = ¢ and 7 = 2 in the fourth term of Eq. (S5) (chosen
such that ¢ — 1 = 1, and recalling that terms with i > 2 will give non-zero contributions), using

the change of variable n{ = n{ + 1 and nd = nd — 1:

Z Z n({ﬁJr((L N21 62) {(n({ + 1)p(L5r,lqn7 €, th) - n(fp(n, €, th)}
n e

=3 niBi(g, Na,e2) %

{(nf + Dp([nf +1,nf = 1,....,nQ 1] e tn) —nip(n, e ty)}

= Z Z ﬂ-ﬁ-(Qa N27 62) {ﬁ({(ﬁtf - 1)p([ﬁ({) ﬁg7 cee )n(]]\fz+1]7 e, th) - n({n({p(nu €, th)}
n e
=D > B+(a: Nayea) {nf(n] — 1)p(n, e, ) — ninip(n,e.ts)}
n e
= - Z Z B+ (Qa N2> 62)71({]9(1’1, €, th)
n e

= —<,8+(q7 N2a 62)n(f>'
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Now, finally, we look at the last term on the right-hand side of Eq. (S5) which has only non-zero

contributions when j = ¢ and ¢ = 1:

DY nl{v(g, N1 — Ler)(nf — 1)p(Grgn, e, ty) — niy(q, Ni,e1)p(n, e, ty)}

n

Le)(nd —Dp(nf—1,... ,n?\,ﬁl],e,th) —niv(g, N1, e1)p(n, e,th)} }

:Zzn(f{’y(%Nl_ ’ US)
(S7)

Using the change of variable i{ = n{ — 1 in the second term of Eq. (S7) we get

ZZ {f (] + 1)v(g, Nu, en)nip(([Rf, .. ., NN, 1) € th) (n)?v(g, N1, e1)p(n, e, tp)}

= ZZ {n{(n{ + 1)v(q, N1, er)nip(n, e, t) — (n])*v(q, N1, e1)p(n, e, ty) }

= Z Z 7((]7 va el)n({p(n’ €, th)
= <7(Q7 va 61)77/({)-

Recompiling these simplified terms, the equation for cell evolution on the left-hand boundary in

physical space becomes:

1 1 -
= 3 g+ LN e)nf™) + L (pe (g = 1 N enf )
t

1 1
{(p—(q, N1,e1)nd) — E(M+(Q>N17€1)n({>

(B (@, N e)n) — 1 (B1 (g, Nosea)n) + - (0(a N end). (59)
t t

Now we wish to find the continuum equivalent of this equation. Recalling the continuum
equivalents of the dependent variables, and employing Taylor series expansions around x = Xy,

we can rewrite Eq. (S8) as (dropping the dependent variables for simplicity)

on op— Af, 0%u_ on Az 0’n
At </L —l—A + — + ... n+Ay87y+787y2+'”

ot Yoy 2 0y
Opy | APy on  AJ0*n
on  A29°n )

— = pn 4 yn+ o (n+A e +7ﬁ+

A 9B+ A7 9°By
B
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at £ = Xuin, So that we have

0 Ay 0 AQ 92 1
a? Atﬁy(( —h)n )+EW((M7+M+)TL)+E1¢(B,—B+)

(5_5” . %@) ZAA% ( I na;f;) +2m (59)
Recalling that
i %(ﬁ <x,t>>—ﬁ+<y,p<x,t>,e<x,t>>) — 0" (sl 1) (),
L5 (800,600, 0) 4 4l 1), e0,1)) = D0, (), (,1),
Gl R (e (0 e(00) s (), l,1)) ) = 073 pla ). 1),
L fA (1= @ pl, 0 e, ) + s (s, 0), (@, 1)) ) = DP(y. pla 1), e, 1),

lim o (y, pla, 1), e(z, 1)) = 1y, pl, 1), e(a, 1),

Ar—0 At
such that
Bt = DA, F UmAt7
A2 24,
then Eq. (S9) can be rewritten as
% g( n)+ 82 (Dpn)—l—Aiv n+;v gZ~I—A1xDng

In order to prevent blow-up of terms in the limit A, — 0, we require

0 0
v n—l—Dm—n—n—Dm—O at = Xmnin.
Ox ox

As such, we have no flux of cells out of the physical space boundary at x = Xpnin.

Boundary condition at © = Xyax. Revisiting Eq. (S1) to find the equation for the right-

hand lattice site in physical space we multiply by ”?\rg@ 41 and sum over all possible states n and
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0
At Z Z nf]]\[z_t,_l ap(na e, th) =
e

n

ZZ”NIH Z Z,u (j+1,N;,¢) {( gt +1)p (U n,e,tp) —n]Hp(n,e,th)}

=1 j=1
Nz+1 Ny+1

+ Z Zn(]l\/z-i,-l Z Z M'i‘ -1 NZ: el) {(ng_l + 1)p(D£]n7e7th) - ng_lp(nu E,th)}
n e

=1 j=2
ch Ny+1

+ZZ”N +1Z Z /8 ijz’eZ {(’I’L‘Z+1+1) (R jn, e th) g+1p(n7e7th)}

i=1 j=1
Ng+1 Ny+1

+ZZ”N +1 Z Z B+ (j, Ni, €i) {(ng_1+ Lp (Lmn € th)_n] 1p(n,e,th)}

=2 j=1
Ny+1 Ny+1

—|—ZZTLN 41 Z Z { -1 ez)(nj — p(Gijn, e, ty) — (7, Ni,ei)ngp(n,e,th)}.

=1 j=1

(S10)

Now we can repeat the analysis from the previous section, where we considered the action on the
boundary & = Xpin, for £ = Xyax. In the first two terms on the right-hand side of Eq. (S10),
we are interested in the ¢ = N, terms only. In the first term, we need to consider the cases j = ¢
and j = g — 1. First, looking at j = ¢ and using the change of variables ﬁ?\iil = ?V+1+1 + 1 and
1:

=q _ 9 _
NN, +1 = N, +1

1 1
Z Z n?\@ﬁ»lu— (q + ]-7 NNerl? eNerl) {(n(II\ZJrl + 1)p(U]Ii,z+1’qn, €, th) - n?\}i+1p(n7 €, th)}
e

n

- Z Z n(]]Vz-i-l'u’— (q + 17 NNm—‘,—l, er_A,_l)X

n e
+1 1 +1 Ny+1 11
{( ?V 41T 1)}7([an+17 cee 7n?\fx+1 - 1?”?\/,;-&-1 +1,.. HMN +1] e, ty) — n?vw+1p(n,e,th)}
= Z ZM—(CI + 1, NN, +1, €N, +1) X
n
+1 1 g+1 Ny+1 11
{n?\, (% F D[N 1s 5 A 1 AN 10 s PN 1) € th) — Yy niy i p(n, e,th)}

1
= ZZM (g+1,NNn,+1,en,+1) {n;ﬂ(nN 1 T Dp(n, e ty) — n?vzﬂn?\zﬂp(n,e,th)}
= ZZM ¢+ 1, Ny, 1, en,41)n% L p(n, e, tp)
n

1
= (p—(¢+ 1, Nn, 11, €Nz+1)n?\;;+1>-
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Using j = q and ¢ = N, + 1, with the change of variables T_L(]]\;i_l = n?\,;i_l — 1 and ﬁ?\fx—kl =

n?\fﬁl + 1 in the first term, then we have

Z Z ”?Vxﬂﬂ— (Q7 NN, +1, €Nz+1) X

n e
1 -1 Ny+1
{(n?\/ﬁl + Dp(Iny, 415 -1 — Lnd s + L -onyt il e tn) — n(]]\fz+1p(n7e7th)}
=> > (¢, Nn, 1,68, 41)%
n e
_ _ 1 —qg—1 _ Ny+1
{n?vz+1(ntllvz+1 - 1)p([nNz+17 s 7n(]]\[z+1) n(]ZVerly s ’nNZJrl]’ e, th) - n(]]Verln;]VIJrlp(na e, th)}

= Z Z p—(q, Nny 15 en, 1) {ny, 1 (0, o1 — Dp(n, e, tn) —ng 0y, p(n,e ty)}
n e

== Z Z H— (Q7 NNerl: 6N1+1)n}1\[r+1p(n7 €, th)

n e

= — (- (¢, NN 41, enp+1)ny, 11)-

For the second term, we need to consider j = ¢ and j = ¢ + 1 whilst maintaining i = N, + 1.
For i = N,+1 and j = ¢, whilst using the change of variables ﬁ?\;il = n?\;il + 1 and

_q _.q
N 11 ="NN, 11— 1 we have

—1 —1
E E n(]ZVI+1M+(q - 17 NN;,;—}-I, €N$+1) {(n(]ZVZ+1 + 1)p(DR7$+17qna €, th) - n(]ZVZ+1p(na €, th)}
e

n

= Z chjl\[x_{-l:qu(q — 1, NN, +1, €N, +1) X
n e

-1 1 -1 Ny+1 o
{(n(]ZVerl + Dp([ny, 15 -1+ L — Loong il e tn) — ”(Jz\fﬁlp(n’e’th)}
- Z Z p(q =1, NN, 41, €N, 41) X
n e
_g-1 - 1 Ad7l A Ny+l o
{n(z]\/ﬁl(”?\/ﬁl + D)p([, 15 A1 Pl 410+ 0 O 1) € Th) — Ny nYy 4 1p(n, e,th)}

-1 —1
§ M+(q - 1> NN:c+17 eN;c-‘rl) {n(]]\fz-i-l (n?\fz-t,-l + l)p(na e, th) - n?\fz_t,_ln?\[z_{_lp(n? e, th)}
e

~1
Z ,qu(q -1, NNz+1a eNz+1)n(]]Vgc+1p(na €, th)

e

>
N

—1
= (u4(g = 1, Nn, g1 enr)nh )
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Now looking at j = ¢+ 1 and 7 = N,, the change of variables ﬁj{iil = n?vti_l — 1 and ﬁi]le“FI =

q .
ny, 1 + 1 gives

>3 b (@ N e, e) { (0 1y + DPDR 1y gneti) = i 4 ip(neth) |

n e

— q
= Z Z ny, 144+ (4 NN, 415 €N, 1) X
n e

1 Ny+1
{(n(]]\fz-l,-l + 1)p([n}\fz+1> <o 7n(]IVI+1 + 17 n(]]\?;_t,_l - 11 C) nNz_g_l]:ev th) - nf]]\/'z_t,_lp(n> €, th)}
= ZZN+(Q7NNZ+1;€NZ+1)X
n e
_ _ 1 _ _q+1 Ny+1
{frz?\,gg+1(7”L‘]]\]IJr1 —Dp([ny, 110+ ,n‘]ZVIH,n‘]]VIH, conyt ol e ty) — n‘]IVZHn‘]I\,sz(n, e,th)}

= Z Z M+(q’ NNI+17 eNerl) {n?\fm—i-l(n(]}\/m—&-l - 1)p(n, €, th) - n(]lvm+1n(]lvm+1p(n7 €, th)}

n e

= = Z Z M+ (q7 NNz+17 6N1+1)n(]1\71+1p(1’1, €, th)
n e

= — (14 (¢; NN, 1, €N, 1 1) 1)

Next, we want to consider the movement terms in physical space. In these cases, we will only
have non-zero contributions when j = ¢q. Looking at the first term, we will have contributions

only when 7 = N,. Then, using the change of variables a%, ,, = nf ., +1and 23, =n} -1
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and dropping the bars, we get

Z Z n?vz""lﬁ* (q’ NNx’ eN:c) {(n(]]\fz—i-l + 1)p(R%g;,qn7 e, th) - n?\/x-‘rlp(n, e, th)}
n e
- Z Z ny 18-(¢; NN, en,)x
n e

{(n(]]\ferl + 1)])([77,({, ce 777’(]]\/z - 17 n?vz+1 + 1}797 th) - n(]]\ferlp(na €, th)}

=Y > k. B-(g, Nn, en,) %
n e

{(n(]JVIJrl + 1)])([7]3, e 7”?\[z - 17n?vz+1 +1],e,tp) — n?VIJrlp(n,e,th)} )
=> "> B-(qNn,,en,)x
n e
{(ﬁ(]]VI - 1)ﬁ(]]\[z+1p([n({? <o 7T_L¢]]\]zvﬁ¢]]\]z+1]v €, th) - ntj]vzn?\,m_i_lp(n, €, th)}

= 225—(%]\7]\7@'761\’%))(

{(n?\[x - 1)”?\7x+1p(n7 €, th) - n?\fxn?vm_t,_lp(n’ €, th)}

= - Z Z ﬁ* (Q7 NNac? eNx)n?Vz_t,_lp(n’ €, th)
n e

= 7<ﬁ* (Qa NNZ; eNI)n(]]V$+1>,

Now we can repeat this for j = ¢ and ¢ = N, + 1 in the fourth term of Eq. (S10), using the

: ~q — 9 _ ~q  _ .q :
change of variable ny, | =njy ., —land ny =ny +1:

DD B (@ N en1) { (0, + Dp(LR, g0, e,th) — 0, p(n,e,tn)}
n e
- Z Z ”?vz+15+(q, Ny, +1, 6N1+1) X
n e

{(n?vz + Dp([ng, .. 7”?\71 + 1an?vz+1 —1],e,tp) — n?\/zp(n’e’th)}

_ Z Z B (g, NNy 11, €N, +1) X
n e

{ﬁ?\[z (ﬁ[]]\fw-}—l + 1)]?([71({, R ﬁ(]]\fma ﬁ(]]VE_I,_l]? €, th) - n(]]\fm_}_ln?\frp(n’ €, th)}
= Z Z B—i— (q7 NNx“l‘l’ eNx-‘rl) {nt]]\fz (n?Vz-i-l + 1)p(n7 €, th) - n(]]\fzn(]]\]z+1p(na €, th)}
n e

= Z Z B+(a: NN, 115 en,+1)nyy, p(n, e, th)

n e

= (B+(a; NN, 41, en,+1)0,)-

The final term on right-hand side of Eq. (S10) has non-zero contributions when j = ¢ and

i = N + 1 only. We employ the change of variable fz‘]]\,z 4= n?vz 41 — 1 in the second term to
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get

Z Zn(]]\fm-f—l {’Y(% Ny,+1—1, €N¢+1)(n?vz+1 — p(Gn,+140,€,15) — n;]vz+17(Q7NN:c+17 en,+1)p(m, e»th)}

n

e
=3 > 0l 1 {(@ Ny — Len, ) (0l — Dp([nf, o0y — 1, e, )
n e

—ny, 117(@ Nyt 1, en,+1)p(n, e, tn)}

= Z Z {7(% NN, 41, €Nz+1)(ﬁ(]1\/z+1 - 1)ﬁ(]]vz+1p([n?, e 777’(]1Vz+1]7 e,tp)
n e

— (¢, NNy+1, er+1)(n(]JVz+1)2p(n7 e tp)}

= Z Z 7(% NN, +1,€N,+1) {(n(]]VIJrl - 1)n?vz+1p(n7 e, lp) — (n(]]Vz+1)2p(n7 e, th)}
n e

n

e

= <’Y(qv NN, +1, 6Nz+1)ntjl\[$+1>'

Putting these together, the equation for cell evolution on the right-hand boundary in physical

space becomes:

%W?\@cﬂ) = Altw(q + 1, NN, +1, eNz+1)n?VJ;1+1> + Alt<,u+(q —1,Nn, 41, eNzH)”?V;rD
_ Altw—(Q, NN, +1, €N, 4+1)N0, 41) — A1t<u+(q, NNy+15 €Nt 1)1 1)
+ Alt<ﬁ+(q, NN, +1, €N +1)0Y;, ) — Altw_(q, N, en,)n’y 1)

Now we want to find the continuum equivalent of this equation. Recalling the continuum
equivalents of the dependent variables whilst employing Taylor series expansions around z =

Xmax, we can rewrite Eq. (S11) as (dropping the dependent variables for simplicity)

on op— A2 0% u_ on  AZ92p
Ar—=[p_+A — Ay—+ 2L ...

B, A2 52 on  A292n
+<u+—Ay5;++2y 052++...> <n—A +y+...>

— — + _|_ﬁ — A @_{_Aii@_*_

M4 H-n mn +1n xax 5 8x2
o8- A2928_

— _ A=+ ==

n(ﬂ "or T2 a2 T ’
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at £ = Xpax so that

O B0 (e pdm e o D e )~ (3 )
s E05-%) b
Recalling that
i %(ﬁ <x,t>>—ﬁ+<y,p<x,t>,e<x,t>>) — 0" (sl 1) (),
L5 (800,600, 0) 4 4l 1), e0,1)) = D0, (), (,1),
Gl R (e (0 e(00) s (), l,1)) ) = 073 pla ). 1),
L fA (1= @ pl, 0 e, ) + s (s, 0), (@, 1)) ) = DP(y. pla 1), e, 1),

lim o (y, pla, 1), e(z, 1)) = 1y, pl, 1), e(a, 1),

Ar—0 At
such that
Bt = DA, F UmAt7
A2 2A,
then the equation can be rewritten as
grtb oy (vpn)+2(Dpn)—Alv n+;v ZZ_AQ;D g—z
—l—AL ;D —;n;x m+;Dmng % §2Dm+rn

In order to prevent blow-up of terms in the limit A, — 0, we require

0 0
—v n—Dma—Zﬁ—n%Dm—O at = Xax.

As such, we have no flux of cells out of the physical space boundary at x = Xpax.

Boundary condition at y = Y. Returning to Eq. (S1), we seek an equation for the

evolution of the cell number on the left most lattice site in phenotype space, i.e., at y;. To find
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this, we multiply Eq. (S1) by n! and sum over all possible states n and e:

0
AN ”iap(n, e, tn) + O(A7)
n e

S 3D 3p WTTRONE
=1 j=1
{0+ 0p(U2 e, tn) — 0l p(n,e,ta) }
No+1 Ny+1
5535 3 SRS
=1 j=2
{(ng_l +1)p(D};n, e, tp) — ng_lp(n,e,th)}
+ZZ Z Z ﬂ .]7N’L7€l {(n‘g-i,-l +1) (R n e th) ‘g+1p(n7e7th)}
i=1 j=1
Ny+1Ny+1 4
53530 LRI (ISR
=2 j=1
+ZZ” Z Z { —1,e)(n] — Dp(Gijm, e ty) — (4, Ni,ei)nfp(nae,th)}-
i=1 j=1

(S12)

Using the same methods as on the boundaries in physical space, we can change variables
in each term to find an equation for evolution of cell number. Consider the first term on the
right-hand side. The non-zero contributions come from when 7 = 1 and ¢ = s. In the second
term, the non-zero terms are for j = 2 and ¢ = s. The third term gives non-zero contributions
when j =1 and ¢ = s or ¢ = s — 1. In the fourth term, there are non-zero contributions when
j=1land ¢ =sori=s+1. The final term produces non-zero contributions only when ¢ = s

and j = 1. Employing this knowledge, Eq. (S12) becomes

A3 D g t) + 08
_ ZZn (2, N ) {02 + Dp(UDm, e, 1) — np(n e, ) |
+Zzn;u+(1,Ns,es) {(n}+ 1)p(DYyn.e, 1) — nlp(n,e,tn) }
+ZZn 3 B(L,Niyer) {(nkyy + Dp(REm, e, ty) — nlyyp(n,e,ty)}

i=s,5—1
+ Z Zn Z B+(1,N;, e;) {(”11—1 + 1)p(Lg‘1n,e,th) — nzl—lp<nvevth)}
i=s,5+1
+) ) niv(1, Ny, e) {nip(n,e, tn) — (ni + 1)p(Gsam, e )} . (S13)
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The first term can be rewritten using the change of variables n2 = n? + 1 and A} = nl — 1

D nipo (2, Ny es) {(n? + 1)p(UP n, e ty) —ne " p(n,e, th)}
n e

= ZZn;M,(Q,stes)x

n e

{2+ Dp(nt = 1,02 41,0 e, t) = n2p(m, e, 1) |

= > n(2.Nseo)x

n e

_Ny+1

{2+ p((ad, 2, .1l e ) — nnlp(n, e 1)}

= Z Z N* (2> N87 es) {n? (n; + 1)])(117 e? th) - n;ngp(IL e> th)}
n e

- Z Z M— (27 N87 es)ngp(nv ev th)
n e

= (pu—(2, Ns, 68)n§>'

The second term in the right-hand side of Eq. (S13) can then be rewritten as the following (using

n2=mn2—1and n. =nl+1):

Z Zn;ﬂ+(1, N57 68) {(TL; + 1)p(D§,1n7 evth) - nip(na e7th)}

S e (1N e
n e
{(n; + 1)p([n; + 1’n§ - 17 R >névy+1]>evth) - n;p(naevth)}
= > ha(L, N, )
n e
_1/— 1 — N,
{n;(n; - 1)p([n;,n§, sy Mg y]v evth) - ninip(n, evth)}

- ZZM+(17 N, e5) {ny(n + 1)p(n, e, t) — ngnip(n, e, t)}
n e
=33 hi (1, Noyeonlp(n, e, ty)
n e

= *<:u+(1’ N, es)nb.

The contributions from the terms describing movement in physical space are the same as in

Eq. (S3) with j = 1 and the growth terms are also the same as those in Eq. (S3) with ¢ = s and
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j = 1. Putting these together, we get

a<ns> - E(M*(27Nsaes)ns> - Kt<:u“+(17N37es)ns>
1 1
+ Kt<ﬁ+(1a Ns, 68)”2—1> + E<B—(1v N, 65)n;+1>
1 1
— EW—(LNs—l,es—l)n;) — Kt<ﬂ+(1aNs+l765+1>n;>
1
+ &5, 0L Nosesns). (S14)

Then, in the limit A, Ay, Ay — 0, the continuum equivalents of the dependent variables,

Eq. (S14) can be rewritten at y = Yinin as follows:

0
an(w,y,t) = A1t,8+(y,p(£l?,t),€(l‘,t))n($ - A:L"ayat)
B ), e, D)o + Ay, )
t

— —B_(y,plx — Ay, t),e(x — Ay, t))n(z,y,t)
- 75+(ya p(x + Aza t)v 6(1: + A:pa t))n(a:, Y, t)
+ 7”—(y + Ay7 p(fL‘, t)v e(xv t))n(gj, Yy + Ayv t)
- Ai,mr(y,p(x,t), e(x,t))n(x,y,t)

t

+ Altv(y, p(z,t), e(z,t))n(z,y,1).
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Then, employing the aforementioned Taylor expansions, we find

0
5y 1) = 2040 (.)€, 0)

0 2 92
I:n(x7y7t) - A:C%n(x,y,t) + an(x,y,t)]
1
+ KB—(yap(xvt)a 6(.%',15)))(
t

o, A2 82

- ol
[6—(% p(z,t),e(x,t)) — Amaaxﬁ (y, p(z, 1), e(z, 1)
A2 52
+ Tx%ﬂ (y, p(,t), (M)]
Al
[BJr(ya p($7t)a e(x,t)) + Am%ﬁJr(yvp(l'vt)a E(IL‘,t)
A2 82
+ e 50+ (y, p(z, 1), (x,t)]
A2 g2
+ Alt n(z,y,t) + Aygyn(:fay,t) + ;;yzn(w,y,t)] X

[u@hp«utxe@aw>+-Ay§’u@hp«at»e@aw

A7 52
5 a0 (y, p(,1), e(x, 1)

- Altu+(y,p(fc7t)v e(z, t))n(z, y, 1)
+ Alty(y,p(:n,t), e(z,t))n(z,y,t).

This can be rewritten as (dropping the dependent variables for simplicity)

on 1 Ay 9 A 92 Ay 0

B = & (et gy (e 5 () + 5 (8- = Bn)
A2 9 on 9 1
zAﬁh(w_+ﬁ”&n_%hwt+ﬁ”>+Aﬂm (519)
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at ¥y = Yinin. Recalling that

i %(5 el 1)) — B o pla, 1), el 1)) = 0"y pla, ), el 1),
2
W (5 pla ) )+ 51 0 L)) = D pla ), e 1),

L Af (- (W ol ), e, 1)) = s (. p(a, ), e, 1))
A2

Ay}g;oz—&(u_ (5, p(x, 1), (@, ) + s (y, pla, 1), e(z, )

= vP(y, p(z,t), e(z,t)),

Jim 7 (2. 2) € 6) = (0, plas ) . ),

such that

o DpAt ’UpAt
Ht = AZ + 2Ay )

then Eq. (S15) can be rewritten as

on 1 0 (1 1 19° 0
P 2 L 2P P - Y (pr m
5 Ayv n+8y (21) n—i—AyD n)—|—282(D n) + &U(v n)
8 mon 0 m
8:0 (D el %D )—i—rn.

Therefore, in order to prevent blow-up of terms at y = Yin, we require that

vPn + (%(Dpn) =0 at ¥ = Ymin.

Boundary condition at y = Yjhax. Returning to the Eq. (S1), we seek an equation for the

evolution of the cell number on the upper most lattice site in phenotype space, corresponding
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to the site yn,41. To find this, we multiply Eq. (S1) by névyﬂ and sum over possible states n

ZZnNy+1 (n,e, ty) =

N.+1 Ny

ZZ NS Zu j+ 1N e) { (T 1)p(UPm e ty) — 0l Tp(m, e, 1) |

=1 j=1

Ny+1 i—1 i—1
+Zzn8y Z Z M-l— -1 N’Luez){(ng +1)p<D£]n7eath) _ni p(n7e7th)}
n e

i=1 j=2
N, Ny+1

FR Y S M) {(rd + DptRE e th) )

i=1 j=1
Nz+1 Ny+1

+ZZn§y+1 Z Z B+ (4, Ny, e;) {(ng_l + p(Lin, e, tp) —n] 1p(n,e,th)}

i=2 j=1
Nz+1 Ny+1

+ZZ STEST N (N ) { (j,N; — 1 ez)(ng—1)p(Gi,jn,e,th)—'y(j,Ni,ei)ngp(n,e,th)}.

=1 j=1
(S16)

Using the same methods as on the boundaries in physical space, we can change variables in
each term to find an equation for evolution of cell number. Consider first the first term on the
right-hand side. From previous analysis, we know that the only non-zero contributions come
from when j = N, and i = s. In the second term, the non-zero terms are j = N, +1 and 7 = s.
The third term gives contributions when j = N, +1 and i = s or ¢ = s — 1. In the fourth term,
there are non-zero contributions when j = N, +1 and i = s or ¢ = s+ 1. The final term produces

non-zero contributions only when i = s and j = N, + 1. Thus, Eq. (S16) can be written as

Ay Z ZnNyH (n,e, tp) =
ZZ S (N 4 1N ) {3 1)p(UT e ) = 0l p(n, e, 1) |
Nytt ), N, N,
+ZZ N N ) {(nsy + 1)p(D§7Ny+1na e7th) — Ns yp(n7e7th)}

Ny+1 Ny+1 Ny+1
+ ZZ v Z 5 N +1 Nuez) {( z-}—yl + 1)p(RZlNy+1n7 €, th) - ni-i,-yl p(na e7th)}

i=s,5—1

+ZZ " Z /3+ N + 1, Nz,ez){( y+ +1) (LZN +1, € th)_n A p(n,e,th)}

1=s,5+1

+ZZHN9H{ Ny +1,N, — 1,65)(n§y+1 Dp(Gs N, 11, €, 1) — (N, + 1, Ns, e5)ns Nutl p(n, e, th)}.

(S17)
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The first term in Eq. (S17) can be rewritten using the change of variables (n‘]gvy+1 niv 1

and A0 = nlv — 1) in the following way:

ZZ S (N 1, N57es){( S (Uf,Nyn,e,th)—nivﬁlp(n’e’th)}

_ZZ Mt (N + 1, N, e) %

{ NU+1 ([n; névll - ]-a névy'i‘l - 1]7e7th) - névy+1p(n7evth)}
S ey 1, Ne )
n e
Ny+1 N 1 _ Ny _Ny+1 Ny+1 N 1
{ y+ - 1)p([n;, y s y’ns * ] ea th) — Ns - y+ p(nyeath)}

_ ZZ (N, + 1, N, e5) {né\fwl( Ny+l _ Dp(n, e, ty) — n Nty Ny+1p(n’ e,th)}
n e
- Z Z/’L*(Ny + 17 N87 es)néVerlp(n’ evth)
n e
= —(u_(N, + 1, Ny, e)ni ™).

The second term in Eq. (S17) can then be rewritten as the following (using 7 Mot — Mot

and ALY = no? + 1):

N, 1 N, N,
Z Zn g (N, Noyeo) { (" + 1)p(D2 4 1mse, 1) = nlp(n, e, 1) }

- Z ZnNy“ (Ny, N, e5)x

{(ns Y + 1)])([77&, . + 1 Ny+1 1]7 e, th) - névyp(n, e, th)}
= > Ny, Ny, e5)x
n e
{ﬁgy A2 Dp([nl, .0l mlv M e tn) — ndrnd v p(n,e, th)}

= ZZ:U‘+(NZJ7NS7BS)X
n e

{nivy (névyﬂ + Dp(n, e, t) — nNynéVy+ p(n, e, th)}
N
= Z Z N+(Ny» NS’ eS)nS yp(n’ €, th)
n e

N,
= <N+(Ny7 N, es)ns ).

The contributions from the terms describing movement in physical space are the same as in the

main body Eq. (S3) where j = N,,. This is also true for the growth terms with ¢ = s and j = N,,.
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Putting these together, we get

) = s (Vy Nesend®) = 3 (N + 1, N
=+ Altw—i-(Ny + 1aNSaes)niVi’1+l> + Altw—(Ny + 17N5765)ni\%i1>
- Al (B-(Ny +1, Ny 1,65 1)) = Althy +1, Nrr,esa)nd ™)
+ iw(Ny +1,N,, e )na ™, (S18)

Ay
We can take the limit A,, Ay, Ay — 0, such that Eq. (S18) can be rewritten as the following at
Y = Yiax:
0 1
7”(3"7 Y, t) = 7/8%*(:[/7 p(:l:, t)7 e(ac, t))n(a: - A:L"a Y, t)
ot Ay

L8 (. pla 1), ez, ))n(x + Au,y, 1)

iy
1

- Eﬂ—(%ﬂ(w - A$7t)7e(x - Al‘7t))n(x7y7t)
1

- KtﬂJr(ya p(x + Azat)v 6(1: + A:pat))n(xayat)
1

+Kt,u'+(y Ay,p(m,t),e(x,t))n(az,y—Ay,t)
1
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Using Taylor series expansions, we find

0
500 = 3B, pla )l )

0 2 92
I:n('r7 Y, t) - Aa: %n(% Y, t) + 7@”’(3}7 Y, t):|

+ Altﬁ—(y,p(%t)’ e(@, )%
9 2 2
[n(x,% )+ Bagn(@,y,t) + ;Mn(x’y’t)]

1
- Ktn(x 'Y )

[/uy, ol 1), 1)) = Da B (3, (1) el 1)

2 2
+ Az"”;zﬂ (y, p(,t), (M)]

1

[BJr(ya p($7 t)a 6(1’, t)) + Am%ﬁJr(yv p(l'v t)a E(IL‘, t)

2 2
+ 22 T8 (e ), (m)]

+ Alt n(z,y,t) — Ayé?yn(:r,y,t) + igé?;n(x,y,t)] x
[M+(y, p(z,t),e(z,t)) — Ayaﬁw(y, pla,t), e(z, 1)
b o), el t>]
=, il ) e(@, D)l y,t)
+ Altv(y,p(:vvt), e(z,t))n(z, y, ).

Now, dropping the dependent variables for simplicity, we find

on 1 A, D Ay 9? A, 9
E__E(M__MJ“)H_E@(MJ“ n) + 2A82('u+ )+E%((B__B+)n>
A2 9 on 1
9A, Dz ((5— + 5+)% - n%(ﬁ_ + 5+)> + A,
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at ¥y = Yinax. Recalling that

i %(5 el 1)) — B o pla, 1), el 1)) = 0"y pla, ), el 1),
2
i (5 (. plo 1) () + B 9 plast)s e 1))) = D™ (s, 0), 1)

L Af (- (W ol ), e, 1)) = s (. p(a, ), e, 1))
A
Ay%gilﬁoﬁ(u— (5, p(x, 1), (@, ) + s (y, pla, 1), e(z, )

Jim 7 (2. 2) € 6) = (0, plas ) . ),

such that

o DpAt ’UpAt
Ht = AZ + 2Ay )

then the equation can be rewritten as

on 1 1 1 1 92 9

e T et S 51 9 (pr 9 ym

5 yvn—i—a <2vn yDn)—l— 2(Dn)+8x(v n)
+8:r<D o0 "an? )*m

Therefore, in order to prevent blow-up of terms at y = Yax, we require that

—vPn — ;y(]_)pn) =0 at ¥ = Ymax.

S1.2 Equation for the density of the local environment

Following the assumptions outlined in Sec. 2 and methodology above, we can review the master
equation (S1) describing the evolution of the number of elements of the local environment at

position x;, denoted e;, and multiply by es and sum over all possible states e and n to get

0
Z Z esAtap(nv €, th)
e n
Ny+1 Ny+1

=D > e > > AG D {(ei+ Dp(n, Hie, th) — eip(n, e, 1)}
e n i=1 j=1

Ny+1 Ny+1

- Zzes Z Z A(_], nz) {(e’b + 1)p(n7 [617” -y €4 + 17"'76Nz+1]7th) - eip(na e7th)}7
e n i=1 j=1
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recalling that contributions from the terms describing cell dynamics only sum to zero. Now

we consider two cases: i = s and i # s. First, consider ¢ # s and use the change of variables

e; = e; + 1 in the second term, and then drop the bar:

+1 Ny+1

ZZ@S Z Z Mg, nl) {(ei + Dp(n,[er,...,ei+1,...,en,+1],tn) — e;p(n, e, tpy)}

=1, j=1
1#£s

Nz“’l Ny+1

= Zzes Z Z )\ .]7 {ezp [61,.. 5 €y - -aeNz—H]vth) - eip(naeath)}

=1, j=1
i#s

Npz+1 Ny+1

“X e Y 3 Al ertme) - nlmen)

=1, gj=1
i#£s

=0.

Now consider the case when i = s and use the change of variables 5, = eg + 1:

Ny+1
DTN ernd) {(es + Dpm, fer, .y es + 1, en, 1], th) — esp(n, e, ty)}
e n j=1
Ny+1
- Z Z Z )‘(.77 ng) {és(és - 1)p<n7 [617 Y PP 7€Nw+1]7eath) - egp(nae7th)}
e n j=1
Ny+1
= Z Z Z 85)\(j7 njs) {(68 —1)p(n,e, th) - esp(n, e, th)}
e n j=1
Ny+1
= - Z Z Z )‘(jv ng)esp(nv €, th)
e n j=1
Ny+1
=— > (AU,ndes).
j=1

Putting this together, we get

9 Ny+1
- - _ d
Atat <es> ]gl <)\(],'I’LS)€S>.

Defining

Aliglo K)‘(ya (.f, Y, t)) = V(yv TL([I}, Y, t))a
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which we can substitute into the equation, rearrange and take limits as Az, Ay, A; — 0, to find

that the differential equation for the density of the local environment, e(z,t), is given by

a y:Ymax
76(33775) = _/ V(y,n(m,y,t))e(x,t)dy
81: Y=Ymin

No boundary conditions are required for this equation.
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S2 Individual-based model functions

S2.1 Phenotypic structuring during range expansion

As per the rules described in Sec. 2, we can write functions to describe the movement and
growth of cells over time. In particular, noting that in this case we have homogeneous cells,

with constant random movement in all directions, then we can write

B+(4, Nit1,ei+1) = 1.

Furthermore, when considering KPP type invasion, we know that cells grow faster in areas with

higher amounts of available space, which can be modelled as

. N;

whereas, with the addition of the Allee effect, we instead have

. N;
a8 = (12 ) (% - ),
with p* € (0,1/2) and £ > 0 describing the maximum total number of cells that can fit in any
single site. Implementing these functional forms during the coarse-graining process described in
Sec. S1, absorbing constants in the continuum limit and rescaling as appropriate, the resulting

continuum equation is given by Eq. (14) with functions (15) and (16).

S2.2 A go-or-grow model of cells invading the extracellular matrix (ECM)

When describing cells moving into the extracellular matrix (ECM), we know that volume filling
constraints will affect the movement in physical space. In fact, as space decreases, cells have
less space in which to move. Furthermore, we implement a continuum of cell phenotypes in this
case, such that cells in phenotypic state j = Ypax are the most proliferative, but least motile
and degrading cells. As such, the individual-based functions describing movement in physical

space can be written as

j . N.1q1 +e;
ﬁi(]aNi:ﬁ:l,eiil):(l_j) (1_M> ’

K

where k > 0 is the total number of available sites for cells and ECM elements, known as the
carrying capacity.

Cells are able to proliferate more rapidly when there is a larger amount of available space,
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and when they occupy a phenotypic state with higher values. As such, we have that

. ) N; +¢;
W(J,Ni,ei):J(l— z>-

Alternatively, it is cells in a lower phenotypic state, j, that degrade the surrounding ECM at a

higher rate. The corresponding function to describe this is given by
AG,n7) = (1= j)ni.

In Sec. 3.3, we consider a number of different functions to describe movement in phenotypic
space. The first phenotypic drift term we consider is cell-dependent drift, where cells transition
into a phenotypic state with lower values at an increasing rate in regions with more cells present.
The second phenotypic drift term we evaluate considers the role of the ECM in determining
phenotypic transitions. In this case, cells transition to phenotypic states with lower values as
the number of ECM elements in the same physical site increases. Finally we consider space-
dependent phenotype transitions such that cells move into phenotypic sites with higher values
at an increasing rate as the available space in the same physical site increases. These options

are all described in Table 1.

Phenotypic drift p— (g, Ni, e;) pit- (g Niy e:)
N; N;
Cell-dependent -  Q—_
K K
€; €
ECM-dependent — 1——
K K

Space- N; +e; 1_ N; +e;
dependent K K

Table 1: Table listing the individual-based functions used during coarse-graining, that corre-
spond to those continuum equivalents described in Table 1. The functions shown describe the
probabilities of transitions up and down the phenotype space, 4 (j, Ni,e;) and p—(j, Ny, e;),
respectively.

Implementing the individual-based functions described above during the coarse-graining pro-
cess, absorbing parameters and rescaling gives the resulting continuum equations and functions

as stated in Sec. 3.3 of the main text.
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S2.3 T cell exhaustion

In the case where we consider T cell exhaustion, we are simulating both T cells and tumour cells.
Both the T cells and tumour cells can move and grow, whilst T cells have a further variable,
exhaustion, attached to them, and they are able to kill off the tumour cells.

The movement of both the tumour cells and T cells is subject to volume exclusion, but also
depends on the exhaustion level of the cells for the T cells. As such, we can write that the

individual-based functions describing the movement of the T cells is given by

] . N.i1+e;
B (j, Nix1,€i1) = J <1 — 1ilﬂlil>7

where k > 0 is the carrying capacity of each physical site, ¢. Alternatively, the movement of the
tumour cells does not depend on the phenotype of the cells. For some rate o > 0, describing

the movement of the tumour cells, we can write

74 (Nit1, €i+1) = 1% <1 - Mil:%> ;
which coarse-grains to become the function given by D (p(z,t), C(x,t)) in the main text, using
the same method as for D" (y, p(x,t), C(z,t)).

T cells are able to divide and produce a daughter cell in the same phenotypic and physical
site at a rate described by «; > 0. However the rate of reproduction depends on available space
and is also greater for less exhausted cells, in a phenotypic state with higher values. T cells can

also die at a rate 79 > 0 which increases as they exhaust. As such, the function describing the

net growth of the T cells at an individual-level is given by

N; +¢;

2, Nivei) = 1j (1 - ) (1 j).

Concurrently, the probability of tumour cell growth increases in more available space. This
probability behaves in a similar manner to ~(j, N;) in the previous application, but without
phenotype dependence. As such, we write

N; + e
P

b(Ni,e;) =1 —

This term coarse-grains to become the function given by g(p(x,t),C(z,t)) in the main text,
using the same method as for r(y, p(z,t), C(z,1t)).
T cells exhaust as a result of interactions with (being in the same site as) tumour cells. They

also naturally exhaust. Both of these occur faster when a cell is less exhausted (in a higher
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phenotypic state). To implement this, we write that the probability of cells moving up or down

in phenotype space can be written as

(1 £ 5k £ jkoe;),

DO | =

:u’i(jv ei) =

where k1, ko > 0 describe the exhaustion rate of the T cells as a result of movement and growth,
and as a result of interactions with the tumour cells, respectively.

Finally, tumour cells die (and are removed from their site) as a result of interactions with T
cells in the same physical site at a rate A > 0. The individual-based description of this is given
by

)\(j,ng) = )\jnj.

)

Using these functions in a coarse-graining process similar to that in Sec. S1 and rescaling as
appropriate, we find that the resulting system of equations is given by Eqgs. (20) and (21), with

continuum functions as described in Sec. 3.4.
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S3 Numerical methods

The deterministic, continuum counterpart of the individual-based model described in Sec. 2 is
given by the PDEs in Egs. (5) and (12), with boundary conditions given in Egs. (7)-(10) and
initial conditions given in Egs. (6) and (13).

To solve this system numerically, we use an advection-diffusion-reaction (A-DR) scheme that
discretises the spatial variable x using a central finite difference stencil. In the phenotypic axis, vy,
we use a finite volume scheme, which divides the axis into Ny, + 1 sites of equal width, controlled
using the Koren limiter. The discretised equations which are solved numerically to produce the

simulations take the following form:

dnd (D™, + (D™Dl —nl) — (D™] + (D™)_)(n! —nl_,)

dt 2A 22
Tt —opd 4t , .
+= Ayzz —(DP)] + Ay + nir (g, N, e)
where
N; = Z ngAy,
J

(D™)] = D™ (g, N, ei),
(Dp)f = Dp(gj’ Ni, ei)’
y; = mean of y; and y;41,

A; j = flux-limited advection in y.

The advection term in the y-direction is discretised using a slope-limited upwind scheme and

can be written as:

—_ ~

(2 ) <"
v'n ~

Jy ; Ay ’
where Fl] +1/2 is the numerical flux across the interface between phenotypic points y; and y;41,
given by:
RV L i T > o,
i

(/Up).g+l/2ng+l,f if (vp)g+1/2 S 0,
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which is calculated using

‘ Gl g
pi=l TN
ol -tV
P T

w7 =l 4+ SOl — ),

Alongside this, to simulate the evolution of the density of the local environment, as described
by Eq. (12), we use the finite difference scheme, with a summation to approximate the integral,
which can be written as
% =6 ZV(gjv”‘g)Ay-

J
This resulting system of ordinary differential equations are then integrated in time using python’s
in-built ordinary differential equation solver scipy.integrate.solve_ivp with the explicit
Runge-Kutta integration method of order 5 and time step A; = 0.1. The phenotype step is
A, = 0.02 and the spatial step is A; = 0.1, both of which were chosen to be sufficiently small

to ensure that we observed convergence in the solutions.
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S4 Supplementary figures

(a) Initial condition (b) Cell-dependent drift
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Figure S1: Evolution of the phenotypic structure of cells in Egs. (5)—(12) subject to various
phenotypic drift terms, with the corresponding ECM density shown as a dashed grey line. (a)
The initial distribution of the ECM and the cells with different phenotypes. (b) The spatial
structure of the invading wave subject to cell-dependent phenotypic drift. (c) The spatial struc-
ture of the invading wave subject to ECM-dependent phenotypic drift. (d) The spatial structure
of the invading wave subject to space-dependent phenotypic drift. Results in (b), (¢) and (d)
are all plotted at time 30 and simulations are carried out with k = 1. See Table 1 for explicit
forms of the phenotypic drift terms.
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Figure S2: Evolution of the mean phenotype of the cells in Egs. (5)—(12) subject to various
phenotypic drift terms, with the corresponding ECM density shown as a dashed grey line.
Results are all plotted at time ¢ = 30 and simulations are carried out with x = 1. See Table 1
for explicit forms of the phenotypic drift terms.
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