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Abstract

We investigate the stability of the Epstein-Zin problem
with respect to small distortions in the dynamics of the
traded securities. We work in incomplete market model
settings, where our parametrization of perturbations
allows for joint distortions in returns and volatility of
the risky assets and the interest rate. Considering empir-
ically the most relevant specifications of risk aversion
and elasticity of intertemporal substitution, we provide
a condition that guarantees the convexity of the domain

of the underlying problem and results in the existence
and uniqueness of a solution to it. Then, we prove
the convergence of the optimal consumption streams,
the associated wealth processes, the indirect utility pro-
cesses, and the value functions in the limit when the
model perturbations vanish.
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1 | INTRODUCTION

Recursive utilities of Epstein-Zin type allow for the incorporation of future consumption choice
into preferences. In the discrete-time environment, this topic goes back to Kreps and Porteus
(1978) and Epstein and Zin (1989), whereas in continuous-time stochastic settings, it was originally
investigated in Duffie and Epstein (1992). These utilities allowed for the resolution of several asset
pricing puzzles; see the introduction to Xing (2017a) for an overview of this topic. The Epstein—
Zin problem remains an active research area. Thus, recently, explicit solutions are characterized
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in Xing (2017a), Kraft et al. (2017), and Matoussi and Xing (2018); for the results in infinite time
horizon settings, we refer to Herdegen et al. (2023), Herdegen et al. (2021), and Aurand and Huang
(2023); a finite yet random horizon is considered in Aurand and Huang (2021).

The continuous-time counterpart of a recursive utility is also known as a stochastic differential
utility. Two constants govern its parametrization. One is the usual risk aversion, and the other
is an elasticity of intertemporal substitution (EIS) that specifies the willingness to interchange
consumption over time. As pointed out in Xing (2017a, Remark 2.1, p. 231), the empirically most
relevant case corresponds to the relative risk aversion y > 1 and the EIS 3 > 1.

The notion of the well-posedness of a mathematical problem goes back to Hadamard (1902), and
it comprises the following three properties for a solution to a given problem to hold: existence,
uniqueness, and continuous dependence on the initial data, where the last property is loosely
known as stability. While the existence and uniqueness results (and various characterizations of
the solution) for the Epstein-Zin problem are established in the papers mentioned above, the
questions of stability in the context of this problem, to the best of our knowledge, have not been
answered before.

An additional motivation for studying stability comes from the fact that in many cases, for
example, in the factor model considered in Kraft et al. (2017), the explicit solution ceases to exist
under general perturbations of the model parameters, where such perturbations can be associated
with a procedure of calibration. In this case, it is important to understand whether the outputs
of the problem, such as the optimal consumption, the optimal wealth process, the indirect utility
process, and the value function, differ only slightly from the solution to the unperturbed problem
admitting an explicit solution.

In the case of the more traditional additive utility, which corresponds to a particular case of
the Epstein-Zin problem (y = l, in the present notations), the questions of stability are studied

more, and historically, and they have also followed establishing the existence and uniqueness
results. The results on the stability of the outputs to the optimal investment problem with respect
to various perturbations and in varying formulations are contained in Jouini and Napp (2004),
Carasus and Rasonyi (2007), Kardaras and Zitkovi¢ (2011), Xing (2017b), Veraguas and Silva
(2018), and Mostovyi (2021), among others. These works do not establish any stability to BSDEs
result, in contrast to the present paper, as the analysis of the stability of the optimal investment
problem in many formulations relies on different techniques, despite the BSDE-base approach
pioneered in Hu et al. (2005). Thus, compared to the papers on the stability of the traditional
utility maximization in various formulations mentioned in this paragraph, we rely on the analysis
of BSDE and establish related approximation and stability results in the present work.

In view of the previously listed works, one can argue that the literature on the Epstein-Zin
problem does not contain its stability analysis. The aim of the present paper is to give insight into
this problem, and thus, here, we investigate the stability of the Epstein-Zin problem with respect
to perturbations of the dynamics of the traded securities. Our parametrization of perturbations
allows us to include joint or separate distortions of the interest rate as well as of the return and
volatility of the risky assets. We consider the above-described case when both the relative risk
aversion and EIS exceed one. Our analysis is performed under a weak no-arbitrage condition,
no unbounded profit with bounded risk (NUPBR) introduced in Karatzas and Kardaras (2007),
which still allows for the meaningful structure of the underlying problem.

Our results include a sufficient condition for the convexity of the domain of the primal prob-
lem and for the existence and uniqueness of the optimizer to this problem. This condition
can be stated as nonemptiness of the dual domain, that is, the existence of a state price den-
sity satisfying an integrability condition, which guarantees a unique solution of class D to the
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dual BSDE, see Lemma 2.1. We also show the convergence of the value functions, the opti-
mal consumption streams, the associated wealth processes, and the indirect utility processes as
perturbations vanish.

One of the difficulties in the analysis involves establishing stability-type estimates for the solu-
tions to BSDEs with an unbounded terminal condition and non-Lipschitz generator, with respect
to particular perturbations of both the terminal condition and the generator. Here, we establish
a ucp convergence result for the family of solutions to such BSDEs, see Lemma 5.6. Further, it
is crucial for the proof to show the strict r(and stronger than strict) concavity of the rvalue func-
tion, in a sense Lemma 5.5. All these estimates are needed to establish the convergence of the
optimal consumption streams, whereas the convergence of the value functions relies on conju-
gacy results from Matoussi and Xing (2018) and on a particular construction of the nearly optimal
consumption streams also combined with localization.

The remainder of this paper is organized as follows: in Section 2, we specify the model and
Section 3 contains the main results. In Section 4, we discuss the integrability condition on the
perturbations, and the proofs are given in Section 5.

2 | MODEL
2.1 | Market

Let ( Q, (Fi)te[O,T] ,F, [P’) be a complete stochastic basis, where T € (0, ) is the time horizon, F
is the completion of the trivial o-field, (F;), elo1] is the augmented filtration generated by a (k + n)-
dimensional Brownian motion B = (W, W), where W represents the first k components and W+
the remaining n components. For an R™"-valued 7" -adapted process p taking values in Rk
and for an R""-valued adapted process' p* satisfying po" + p1(o1)" = I,;,, the n-dimensional
identity matrix, we set

we :=/ deWS+/ pLdwi.
0 0

We consider a family of markets parametrized by € € (—¢y, ¢y) for some ¢, > 0. Thus, for a
fixed ¢, the traded assets are (S%°, ..., 55"), where S*° is the price process of the riskless asset
and (S*1, ..., S®") are the prices of the risky assets. Their evolution is given by

n
dse® = s°0edr,  dst = Sf’l((rf LTS af’l’]de’j),
j=1 M

ie{l,..,n}

where the processes r¢ > 0, u®!, and o*' are 7" -adapted processes such that the integrals in
Equation (1) are well-defined and such that o7 is invertible, t € [0, T], P-a.s..

I Through process p, one, in particular, can include stochastic volatility-type models as in Kraft et al. (2017, Section 4). We
note that the model in Kraft et al. (2017) allows for an explicit solution to the Epstein-Zin problem via Hamilton-Jacobi-
Bellman equations, and under perturbations of the model parameters, the structure allowing for explicit solutions can
be lost.
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In particular, our parametrization of perturbations allows us to include the following cases:

* Perturbations of the drift u only. This corresponds to setting r¢ = r°, and 0%/ = %"/, for every
i,jef{l,..,nk

* Perturbations of the volatility o only.

* Similarly, we can consider perturbations of the interest rate only. In many works in mathemat-
ical finance, the riskless asset is assumed to be constant-valued. While this gives the correct
structure to many problems of mathematical finance, having nonzero interest rates can also be
significant and leads to extra technicalities.

* Perturbations of the numéraire, where the parametrization of such perturbations can follow
the ones in Mostovyi (2020).

* Combinations of perturbations above.

2.2 | The Epstein-Zin problem
For every € € (—¢y, €p), let 7 = (715’0, ...,7'[5’”) be an S¢-integrable R™*!-valued process repre-
senting the proportions of the total wealth invested in the respective assets, thus, satisfying
rzinzo nf” =1,t €[0,T]. Let c* be a non-negative progressively measurable process represent-
ing the consumption rate in the eth market. Let x be a deterministic consumption clock given by
% =t + 1ypy(0), t € [0, T]. We specify the dynamics of the wealth process X 7°¢" associated with
consumption-investment pair (¢, ¢) and starting from an initial wealth x as follows

c,i
ds;

£,i
St

€ A€

o alend e,
dx ; =X ;

—cidy;, X§=x. 2)

n
&0
°r
i=0

We call a consumption process c® admissible from x > 0 for the eth market, if there exists an
n .
S¢-integrable process 7¢, such that ) nf’l =1, t €[0,T], and the associated wealth process in

Equation (2) is non-negative, [®-a.s.. {N(()e denote the family of admissible consumptions from x > 0
in the eth market by A(x, €), € € (—¢y, &j)-

An agent, starting with an initial capital x > 0, invests and consumes in the market in a way to
maximize his or her expected utility with Epstein-Zin preferences. With § > 0 representing the
discount rate, 0 < y # 1 being the relative risk aversion, and 0 < 1 # 1 specifying the EIS, one can
define the Epstein-Zin aggregator f via

-1
¥ _1
flew=8"—((1-pw' e-66u, ¢>0 and (1-pu>0, 3)
1—=
P

wheref := (1 -7y)/ (1 — %b) Given the bequest utility Ur(c) = ¢V / (1 — y), ¢ > 0, the Epstein-

Zin utility for a non-negative consumption stream c is a process (Uf)te[0 e which satisfies the
BSDE ’

T
Uf:tE[[UT@TH / f(cs,Usc)ds], telo,T], 4)
t
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where E; is E[ - |F;]. Sufficient conditions for the existence of U° for a given c are contained in
Matoussi and Xing (2018, Proposition 2.1).

The agent aims to maximize his or her Epstein-Zin utility at time zero over all admissible
strategies, that is

sup US, (x,¢) € (0,0) X (—¢p, ). (5)
ceA(x,e)

This formulation, however, does not guarantee that for a given ¢ € A(x,€), U¢ in Equation (4)
is well-defined. As pointed out in Matoussi and Xing (2018, Remark 2.2), one needs some mild
integrability properties on the elements of A(x, €), (x,¢€) € (0, ) X (—¢y, €y). Below, we provide
some insights on this issue. For this, we need to introduce the state price densities.

2.3 | State price density processes

The family of state price density processes is defined as

D(y,e) :={D >0 :Dy, =y,DX*™¢ +/ Dgcydx
0

is a supermartingale for every c € A(1,¢)}, ©)
(y’ E) € (07 OO) X (_EOa E0)7

where (7, ¢) is the investment-consumption pair, such that X>¢ in Equation (2) is non-negative.
Thus, one can see that the family of minimal state price densities

= £< / Eds —_ / (O-S) ,us de>’ €c (_EO"EO)’ (7)

iswell-defined, where £ denotes the stochastic exponential. In particular, since, for every ¢, the set
of state price densities is nonempty, and this also applies to the set of supermartingale deflators,
this precludes the arbitrage opportunities in the sense of unbounded profit with bounded risk
(UPBR) introduced in Karatzas and Kardaras (2007), we also refer to Karatzas and Kardaras (2021,
Chapter 2) for its multiple equivalent characterizations. In other words,

NUPBR holds for every € € (—¢, gp). (8)

For the BSDE characterizations, as in Xing (2017a), it is important to restrict the admissible
consumptions to the ones that are also integrable in a sense made precise below. Thus, one can

define
T _1
A(x,e) := {ceA(x,s): [El/ Cq ¢ds] <oo}. 9
0

Formally, in Xing (2017a), also E [c;y] < oo is imposed. However, for every constant § > 0, a

consumption plan satisfying c; > § satisfies E [c;_y] < oo. In particular, the plans such that
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E [c;_y] = oo correspond to small values of c7, and thus are suboptimal. By setting the associate
U° = —oo for every c such that E [c;_y] = o0, one can rule them out. If all consumption plans

allow for E [c;_y] = o0, then intuitively, the problem is degenerate. This, however, does not hap-

pen if the interest rate r > 0, in which case constant-valued consumptions are admissible and
integrable in the sense above.

Having ruled out the possibility of E [c;_y] = oo for all consumption plans, as in the para-

1
. - . T 173
graph above, one can provide a sufficient condition for E /0 Cy Yds| < oo to hold for every

¢ € A(x,¢). It is related to a characterization via the reverse Holder inequality in the spirit of
Nutz (2010, Proposition 4.5) and Kazamaki (1994).
The following lemma provides a sufficient condition for A(x, ¢) = A(x, ¢).

Lemma 2.1. Let € € (—¢y, £y) be fixed and suppose that there exists D € D(1,¢), such that

T
[El /0 Dsl_¢ds] < . (10)

Then, we have
A(x,e) = A(x,g), x>0. (11)

Proof. Let us fix ¢ € (—¢y,€y). Then, for every D € D(1,¢), along the lines of Mostovyi (2015,
Proposition 4.2), one can show that

T
E l/ Dscsds] <1, foreveryce A(l,¢). (12)
0

Next, let us consider D € D(1, ¢), satisfying Equation (10). Then, for an arbitrary ¢ € A(1, €), using
Holder’s inequality, we get

1 1 1 1

T 1-— T 1-— 1-— —-1
[E/ Cs Y ds =[E/ Cs zpDS IIJD;p ds
0 0

T B

T P T 1 ¥
<CE / Dgcgds E / DS_Zpds < o0,
0 0

for some constant C € (0, ), where the last inequality follows from Equations (10) and (12).

-1 _
Therefore, E l /OT e‘5scs 4 ds] < 00, and we conclude that ¢ € A(1, ¢). |

As pointed out in Matoussi and Xing (2018, Remark 2.2), instead of verifying the integrability
conditions in Equation (9), it is enough to check for the optimal consumption stream, c*, that
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the associated U¢" exists and is of class (D). A similar argument can be provided for the dual
problem below.
With the integrability conditions in Equation (9), one can restate Equation (5) as

u(x’ E) = Ssup Uca (xa E) € (0’ 00) X (_EOa EO)‘ (13)
ceA(x,€)

We call u—the value function and U?¢)—the value process if &(x, €) is an optimizer in Equa-
tion (13) for a given pair (x, €) € (0, ) X (—¢y, &), provided that such an optimizer exists. Next,
following Matoussi and Xing (2018), let us define

1-9 )
o(d,v) = 5¢%((1 —) T —s6v, d>0, (1—yv>0, (14)

and a function V7, the convex conjugate of Uy, which is given by

y
VT(d) = md v, d>0. (15)

Next, for a given pair (y,¢) € (0, 0) X (—¢y,&y) and D € D(y,¢), one defines the Epstein-Zin
stochastic differential dual for D to be a process V? satisfying the BSDE

T
VP =, lVT(DT)+/ g(Ds,%V?>ds], te[0,T]. (16)
t

Sufficient conditions for the existence of V' are presented in Matoussi and Xing (2018, Proposition
2.5). We state the family of the dual minimization problems as

inf VP, ,€) € (0,0) X (—€y, €). 17
pand Vo (7,€) € (0, 00) X (—&p, &) 17)

Similarly to Equation (13), to ensure that for a given state price density D, V" is well-defined, one
needs some integrability conditions, and following Matoussi and Xing (2018, Proposition 2.5), one

can set
T
D(y,e) := {D €D@y,e) : [El/ Dsl“Pds] } < 0. (18)
0

y—1

Technically in Matoussi and Xing (2018, Proposition 2.5), it is also required that E | D, < o0,
which however holds in our settings for every state price density, by an application of Holder’s
inequality, as e (0,1), and since D (under nonnegative interests rates) is a supermartingale.
This allows us to restate Equation (17) as

v(y,e) := inf Vg, (y,€) € (0,00) X (—€p, &)- (19)
DeD(y,e)
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We conclude this section by pointing out that, by Equation (10), if D(1,¢) # @, then A(1,¢) =
ff(l, ¢), and thus, the convexity of ff(l, ¢) holds. Thus, for every ¢ € (—¢y, £y), the nonemptiness
of the dual feasible set implies the convexity of the primal domain.

3 | MAIN RESULTS
3.1 | Model assumptions

We will need two assumptions. To ensure that the dual problem (19) is nondegenerate in a
neighborhood of € = 0, we impose the following assumption.

Assumption 3.1. For every ¢ € (—¢, ), D(1,¢) # 0.

The second assumption allows for the additional structure for the base model corresponding to
e=0.

Assumption 3.2. Let x > 0 be fixed and suppose that, for ¢ = 0, a conjugacy relation in the
following sense holds:

u(x,0) = 1}171>1(r)1 (v(@,0) + xy) = v(y,0) + xy, (20)

for some y > 0. Further, assume that, for ¢ = 0, there exist optimizers C(x, 0) to Equation (13) and
D(y,0) to Equation (19), such that U9 and V200 are of class D.

3.2 | Sufficient conditions for Assumption 3.2

Sufficient conditions for Equation (20) are contained in Matoussi and Xing (2018, Section 3).
Explicit solutions are contained (Xing, 2017a, Theorem 2.14), see also Kraft et al. (2017), where
optimal strategies are obtained in Markovian settings. To be more precise, Kraft et al. (2017) con-
tain the explicit solution for the primal problem (13), and the optimal state price density could be
identified via the utility gradient approach, following, for example, Duffie and Skiadas (1994).

Proposition 3.3 (Matoussi & Xing, 2018, Theorem 3.6). Suppose that yy > 1, p > 1, or y3 <

—1 _
1, P <1 and the processes r°, (u°)T ((O’O)T> (c%) 1/10 are bounded. Then Equation (20)
holds.

For models with unbounded market price of risk, we refer to Matoussi and Xing (2018, Sec-
tion 3.4) for the exact conditions that guarantee Assumption 3.2. In a Markov setting, we refer
to Kraft et al. (2017, Theorem 5.1), where, in the one-dimensional stock prices process and a fac-
tor model for the dynamics of both riskless and risky assets, boundedness of x° and r° as well
as boundedness away from 0 and oo of ¢*, guarantee that Matoussi and Xing (2018, Theorem
3.6) applies.
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To analyze the behavior of the primal and dual problems under perturbations, we introduce a
family of R"-dimensional processes A¢, defined by

A= ((G?)T>_ ((aﬁ)_l,uf — (0?)_1u§)>, te[0,T], €€ (—¢€y&). (1)

We also set R := (R!,...,R"), where
n PR .
dR! = pOide + Y oM dwP!, Ri =0, iefl,..,n}, (22)
¢ ¢ t 0
P

Along the lines of Mostovyi (2020), let us introduce the family of processes N¢, € € (—¢, €y), given
via

dN¢, = NE((r? —rf)dt —25dR,), t€[0,T], Ni=1, €€ (—¢g,¢). (23)

0
We recall that x is given by x, =t + 1;(¢), t €[0,T]. Let L°(dx x P) be the linear

space of (equivalence classes of) real-valued measurable processes on the stochastic basis
(Q, 7, (Fi)iejo,r)» P) equipped with the topology of convergence in measure (dx X P).

3.3 | Stability theorems
The first theorem establishes convergence of the value functions.
Theorem 3.4. Let x > 0 be fixed, y > 1 and ¥ > 1 in Equation (3). Let us further suppose that

Assumptions 3.1 and 3.2 hold and for every € € (—¢, &y), o° is invertible, A* appearing in Equation
(21) is R-integrable and lir% N¢ =1, in measure (dx X P).
£—

Then for every € € (—¢, €y), we have

(i) thevalue functions are finite-valued, that is

u(z,e) eR and v(z,e) R, (z,¢) € (0,00) X (—&p,&p); (24)

(ii) the value functions converge

lim ' e)=u(x,0), x>0,

(x.£)=(x.0) u(x',€) = u(x,0) (25)
lim v(y,¢) =v(y,0), > 0;

Wm0 R (26)

(iii) forevery (x,¢) € (0, 00) X (—¢, €y), there exists a unique optimizer to Equation (13).

Remark 3.5. For the problem in Equation (13), a condition of the finiteness of the value functions
condition is typically imposed. In the present settings, as we deal with nonpositive value functions
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u(x, ¢) finiteness from above (by zero) holds. For the finiteness from below,
u(xa E) > —o00, (xa E) € (O! OO) X (_EOa gO)! (27)

we remark that this also holds as ¥® > 0, and thus ¢ = TL-H is an admissible consumption for the
initial wealth x, for which one can use comparison results for BSDEs to show that the value func-
tion is finite-valued. Similar arguments can be employed to show the finiteness of v(y, €), as it is
also bounded by zero from above, and by (u(1, ) — y) from below.

The next theorem addresses the convergence of the optimizers. The assumptions of Theo-
rem 3.4 ensure that for every (x,¢) € (0, ) X (—¢y, &), there exists a unique ¢(x, €), such that
u(x,e) = Ug(x’z), and that u(x, ) is finite-valued for every such (x, €). To prove convergence of the
optimizers, we need to ensure finiteness for the value processes in the sense below.

Theorem 3.6. Let x > 0 be fixed. Let the conditions of Theorem 3.4 hold and suppose that there
exists €’ > 0, such that

) alx, €) € LO(dx x P), ess inf (x ¢)eB. (0,0) U0 e 19(die x P),

where B,/(0,0) is a Euclidean ball of radius €' in R?.
We then have that

lim &/, ¢) =¢(x,0),
(x/’g)a(xyo)/\( )=¢ ) (28)

where the convergence is in measure (dx X P).

Let us recall that under the conditions of Theorem 3.4, the existence and uniqueness of the
optimizer to Equation (13) follows from Theorem 3.4, item (iii). Let us also recall that, for a
given nonnegative consumption stream ¢, U¢ was defined in Equation (4). The following theorem
establishes the convergence of the indirect utility processes.

Theorem 3.7. Let x > 0 be fixed. Then, under the conditions of Theorem 3.6, we have

lim U9 = gt yep.
(x!,€)=(x,0)

Next, for a fixed x > 0 and € = 0, let y > 0 be as in Assumption 3.2 and suppose that the dual
minimizer has the form

t
ﬁt(y,0)=Cexp< / auf(a(x,oxUf(""’))ds)acf(a(x,oxUf(“”), telo,T],  (29)
0

for some constant C > 0 and

XC=0P(y, 0) + / Dy(»,0)8,(x,0)dx, isa martingale, (30)
0

where X°*0 is the wealth process starting from x financing ¢(x,0) (given by Equation 2 at
¢ = 0). We note that sufficient conditions for Equations (29) and (30) are similar to the ones for
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Assumption 3.2 to hold; see the discussion after Assumption 3.2. In particular, both Equations

-1
(29) and (30) hold if the market price of risk (u°)" ((00)T> (00)_1 u® process is bounded
as well as y > 1 and ¥ > 1. Then, the conditions of Matoussi and Xing (2018, Theorem 3.6,
p. 1002), apply and Matoussi and Xing (2018, Corollary 3.7, p. 1002) implies Equations (29) and
(30). Furthermore, representation (29) for the optimal state-price density goes back to Duffie and
Skiadas (1994) and is known as the utility gradient approach.

Theorem 3.8. Let x > 0 be fixed. Let the assumptions of Theorem 3.6, Equation (29), and Equation
(30) hold. Then, lim, ¢)_(x0) X0 = X0 in measure (dx X P), where X°*'9) is any wealth
process financing ¢(x', €) starting from the initial capital x in the market where the traded assets are
given by Equation (1). Furthermore, iflim,_,o N® = 1, ucp, then lim,s ¢y, (x o) XO8) = x@x0) ucp.

4 | ON THE INTEGRABILITY CONDITION ON PERTURBATIONS

Let us revisit Assumption 3.1. For a fixed € € (—¢, £y), in order for D(1,¢) # B, where D(1, ¢) are
defined in Equation (18), there must exist a supermartingale state price density D* € D(1,€), such

that
T
E l / (D' Y ds] < . (31)
0

The natural candidate for Equation (31) to hold is to check whether the minimal state price density
given by Equation (7) satisfies the integrability condition (31). Another sufficient condition for
Assumption 3.1 to hold is given by

T
E l/ (ﬁs(y’ 0)N§)1_¢dsl < oo, S (_EO’EO)a
0

where ﬁs(y, 0) is the dual minimizer at (y,0), which exists by Assumption 3.2 and N¢ are given
by Equation (23). Condition (31) is the only integrability condition needed on the perturbations
to ensure that the dual domain incorporating the additional integrability for perturbed models
is nonempty, that is, D(1,¢) # @, for € # 0. Perhaps the most surprising feature in our analysis
(at least for the authors) was that other than Equation (31), no further integrability needs to be
imposed. This can be explained as follows, where the key is in the utility maximization consider-
ations. It is well-known that for the expected utility maximization from terminal wealth, the key
role is played by the finiteness of the value functions, see Kramkov and Schachermayer (1999),
where the finiteness of the primal value function (from above) is assumed, and Kramkov and
Schachermayer (2003), where the finiteness of the dual value function (from above) is required.
To be more precise, both conditions require the value functions to be less than oo (in Kramkov
and Schachermayer (1999, Theorem 2.2), under the asymptotic elasticity). In Mostovyi (2015), the
finiteness of both primal and dual value functions (from below and above) is introduced and
proven to be necessary and sufficient for the standard assertions of the utility maximization theory
in the case of additive and stochastic utility.

In the present setting, in view of the choice of the parameters y > 1 and ¢ > 1, we obtain that
the associated value function is negative-valued. This follows from the analysis of the associated
BSDEs as in rLemma 5.2. In particular, the base model exhibits a finiteness conditions for both
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the primal and dual value functions. For the perturbed models, as y and 3 do not change, we still
obtain that the primal value function is negative-valued, and the dual one too. Here, the primal
gives a lower bound for the dual via the conjugacy relations. Thus the blow-up to oo is not possible
under perturbations of the models. In turn, the blow-up to —oo is also not possible, as Equation
(13) is a maximization problem, and thus finiteness of the base model guarantees that we do not
have a blow-up as long as the processes N¢’s appearing in Equation (23) are well-defined, and
without any further integrability conditions needed on this family. This situation can be compared
to the counterexample in Mostovyi (2020), where blow-up does happen for a particular form of
perturbations, as the utility function there can take positive values.

The connection between the last two paragraphs can be further illustrated by the case of y =

< |~

(going outside the scope of the analysis in this paper). Then the problem (13) reduces to the on
with an additive utility, given by

[¢)

1-y

T e c
Us=E / Se S _ds4e T L |
0 1—-vy 1—-vy

In this case, and with y > 1, the value function is negative-valued, and so is the dual one, thus
precluding the blow-up to oo. The blow-up to —oo is not possible by the feasibility of the constant-
valued consumptions, which also gives a lower bound for the dual problem.

5 | PROOFS

5.1 | Preliminary results

We begin with the following structural lemma.

Lemma 5.1. Let the conditions of Theorem 3.4 hold, let x > 0 be fixed, and y > 0 be given through
(20). Then, for every € € (—¢y, &y), we have

¢t = ax,O)]% e A(x,g), x>0,
(32)

D¢ : = D(y,0)N® € D(y,e), y >0,
where ¢(x,0) and ﬁ(y, 0) are the optimizers, for e = 0, to (13) and (19), respectively.
Proof. First, we observe that for every € € (—¢, £y), the process N°¢ is progressively measurable by
Karatzas and Shreve (1998, Proposition 1.13, p. 5). Now, the assertion of the lemma follows from
It6’s lemma. N

Let us introduce some notations used in this section’s remaining part.

* Let S? be the space of one-dimensional continuous adapted processes (Y1)iefo.r) such that
E [supte[O,T] |Y[|2] < 0.
. LetS® = {Y €52 ¢ [Isup,gor 1Yellleo < oo}.
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* Let M? denote the space of predictable multidimensional processes (Zi)te[o,r]> such that
E [/OT |Z[|2dt] < .

With f given in Equation (3), let us consider the BSDE

1-y T T
C
Ut = 1T—y+/ f(cS,Ug)ds—/ Z{dBs, te€|[0,T]. (33)
t t

Next, with the transformation
(Y,2) :=e 1 —y)(U, 2, te][0,T], (34)

we obtain a BSDE for (Y, Z) of the form

T T
Y, =e e / F(s,cg, Y)ds — / Z,dB,, te[0,T], (35)
t t

-1 1
where, for 6 < 0, F(t,x,y) := 56e~%x ¢y1 6 < 01is monotonically decreasing in y.

Lemma 5.2. Under the conditions of Theorem 3.4, for every (z,€) € (0, ) X (—&y, &), u(z,€) and
v(z, €) are finite-valued.

Proof. Letusfix (z,¢) € (0, ) X (—¢y, &y). From Lemma 5.1, we deduce that 28, O)Ni € A(z,¢).
X €
Therefore, for a fixed m > 1,

. z 1 1
c:i= . l%v <€(x,0)ﬁ> Am € A(z,¢). (36)

3

In particular, we have
E[(cr)' "] < o0.

1
1—-- 1
Next, with F¥(t,¢c,,y) : = 56e‘5‘c[ >yl A k)1_5 (note that the process ¢ is bounded from
above by m here), let us consider

T T
Yf:e—59Tc;‘y+/ Fk(s,cs,Yf)ds—/ ZkdB,, tel0,T], keN.
t

t

This is a BSDE with a Lipschitz generator and a bounded terminal condition. Therefore, by Cohen
and Elliot (2012, Theorem 5.1), this BSDE admits a unique solution (Y*, Z¥) € $? x M?2. Further-
more, as c in Equation (36) is bounded away from 0 and oo, we have % < Y% < C, for some constant

C > 0. As, additionally, F¥ is nonpositive-valued, using the comparison result for BSDEs (Pardoux,
1999, Theorem 2.4, p. 517), one can show that Y* takes values in [0, C]. Therefore, with ¢ in Equa-
tion (36) and the associated Y given via Equation (35), for every k > C, Fk(t, Ct Y¥k) = F(t, Ct» YH),
t €[0,T], P-as. As a result, (Y,Z2) :=(Y¥,ZK) is a solution to Equation (35) (for ¢ given in
Equation 36).
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Changing variables back to (U¢, Z¢), that is from Equation (34), and with

eaet
(U, zf) = m(yt,zt), teo,T],

one can show that this pair satisfies Equation (33) and further, following the proof of Xing (2017a,
Proposition 2.2), that U° satisfies Equation (4), U¢ is nopositive-valued and is bounded away from
—o0. As in Equation (13), we take the supremum over all admissible consumptions, u(z, ) > Uy
(for c as above). Next, also similarly to the proof of Xing (2017a, Proposition 2.2) and relying on
the localization technique from Briand and Hu (2006), one can see that for every admissible
consumption, U < 0. We conclude that u(z,¢) < 0 and is finite-valued for every ¢ € (—¢, ;).
Now, by Matoussi and Xing (2018, Theorem 2.7), v(z,€) > u(x, ) — xz, (x, z) € (0, 0)?, and thus
v(z,¢) is bounded away from —oo. Furthermore, similarly to showing that u(z,€) < 0, one can
show that v(z, €) < 0. We conclude that v(z, ¢) is finite-valued. O

Lemma 5.3. Let x > 0 be fixed. Then, under the conditions of Theorem 3.4, we have

lim inf )u(x’,e) > u(x, 0). 37)

(x!,e)—(x,0

Proof. Letus fix ¢/ > 0 and let &(x, 0) be the optimizer to Equation (13) at (x, 0), which belongs to
A(x,0), as this results from Assumption 3.2. Let (X, &), kK € N, be a sequence which converges
to (x,0) and such that

lim u(xy, &) = liminf u(x/,¢). (38)
k—o0 (x!,£)—(x,0)

For ¢ = ¢(x, 0), let us consider the BSDE (35) (which is related to Equation 33 via Equation 34). As,
by Assumption 3.2, U€ is of class D, one can show (see the discussion in Matoussi and Xing (2018,
Remark 2.2)) that ¢ € A(x, 0). Furthermore, as established in the proof of Xing (2017a, Proposi-
tion 2.2), r(for v, > 1) (35) admits a unique solution (Y, Z), such that Y is continuous, strictly

" . T .
positive, and of class D, with /0 |Z,|2dt < o0, P-a.s. Moreover, U° : = %% Ytli, t € [0,T], satis-
-y
fies Equations (33) and (4). Next, using the approximation procedure as in step 2 of the proof of
Xing (2017a, Proposition 2.2), one can show that there exists n, € N, such that

/
|Yg —Yol < %, n2> ny, (39)

where Y" solves
T T
Y= (e—mc;‘y) AR +/ F(s,cs,YS”)ds—/ Z'dB;, te[0,T].
t ¢

The latter BSDE admits a solution (Y",Z") € S® x M?, where using the comparison argu-
ment, one can show that 0 <Y" <m, and Y" =| lim,,_ ., Y™™, n €N, where Y™ solves

T T
Y = (e—mc;’y) AN+ / F™(s,cg, Y2'™)ds — / z"dB;, te€0,T], (40)
t t
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with F(t,c;,y) := 86e~°! <Cz Y Am | (Jy] Am)' 5. Likewise, one can show that 0 < Y™ <

n. Therefore, for m > n, we obtain

1-+ _1
F™(t,¢,,Y"™) = 60e~°! (ct v /\m> (Y, /\m)1 0

(41)
_5t l_i n,m 1‘%
= 80e ¢, PAam)(Y™) e.

For every n € N, one can show thatlim,,_, ., sup, [0.1] Y — Y[" ™| = 0in probability P, and thus,
we deduce that there exists m’(n) € N, such that

/
|Y(’)1 - Yg’m’ < %, neN, m>m'(n). (42)

It follows from Lemma 5.1 that the process ek = ax, O)N—lgk € A(x, g;). Next, for every M; >
0, M, > 0 the process ¢ defined as ¢~ := le MLI Vck A M,, t €[0,T], satisfies ¢ € A(xy, &)
My

Now let us consider the sequence of BSDEs

T T
Y= e (c)' 7 4 / F (5,8, V) ds - / Z5dB, tel0T], keN.  (43)
t t
Cohen and Elliot (2012, Theorem 5.1) ensure that there exists a unique solution to BSDE (43),
(Y*,Zk) € S? x M?. Further, by replacing F with F* as in the previous step, and using the com-
parison for BSDEs (with Lipschitz generator) results, see, for example, Pardoux (1999, Theorem
2.4), we deduce that the first component of the solution is in S*.

Let us consider Equations (40) and (43). These are BSDEs with bounded terminal conditions
and Lipschitz generators. Therefore, the stability of BSDEs, as in Cohen and Elliot (2015, Theo-
rem 19.1.6, p. 472), implies that, for some 7 satisfying Equation (39) and for m = n(m) satisfying
Equation (42), one can first pick M; and M, and then k;, such that

- g
7E-ve"| <3 kzk (44)
Comparing Equations (39), (42), and (44), we deduce that
|Yg—yq<sc k > k.

Therefore, as ¢ € A(xy, €;), via Equation (34), we obtain

>k

YO > YO _ E’
-y " 1-y -yl

E,

11—yl

lim inf u(xy, g¢) > liminf = u(x,0) —
k— oo k— o0

Consequently, as ¢’ is arbitrary, via Equation (38), we deduce that Equation (37) holds. O

The next lemma establishes a result similar to Lemma 5.3 for the dual value function. The proof
is similar to the proof of Lemma 5.3, so we only outline the main steps.

85ULD| SUOWIWIOD BA 1D 3|qedtjdde auy Aq peupnob a1e sapiLe O ‘2SN JOsa|n 1o} AiqiT aUlUO AB]IM UO (SUOHIPUOD-PUR-SWB} W00 A8 1M ARe1q1BUIIUO//:SHHL) SUORIPUOD Pue SWwie 1 8U) 89S *[i7202/TT/20] Uo ARiqiT8uluO A8|IM Yin'de'xo@ equswi-<ypjoqdIus> Aq ¥EVZT 1feW/TTTT 0T/I0p/LI0 A 1M Aeiq Ul |uo//Sdny WO papeojumod ‘v ‘v202 ‘S966.97T



1278 MONOYIOS AND MOSTOVYI
2 L WiLEY
Lemma 5.4. Under the conditions of Theorem 3.4, we have

limsup v(y’,¢) < v(y,0). (45)

0".6)=(»,0)
Proof. Let us consider a sequence (yi, &), k € N, convergent to (¥, 0) and such that

lim v(yy, &) = limsup v(y,0).
koo O"6)—(.0)

By Assumption 3.1, for every k € N, there Dk e 13(1, €x), that is, DX, such that

T
E l/ (b5 ds] <o, keN. (46)
0

Let us set

DF=(1=(=1ve A 1))3;}—kﬁ(y,0)NEk +(=1ve ADyDE, keN.

Then, as N — 1, in measure (dx X P), by the assumption of Theorem 3.4, we deduce that
D¥ — ﬁ(y, 0), in measure (dx X P). Moreover, it follows from Equation (46), and since 1 — ¢ < 0,
that DX € D(yy, €;), k € N. Next, applying the approximation procedure entirely similarly to
Lemma 5.3, we obtain the assertion of the lemma. [

We now show the concavity of Uj in ¢ in the following sense, which is closely related to the
notion of strong concavity.

Lemma 5.5. Let us suppose that ¢’ and ¢’ are in U(x,z)e(O,oo)x(—EO,Eo) A(x,€) and are such that

(dexP)||c' =" =6, +c" < %] >68, forsomed > 0. (47)

Further, let us suppose that for a given constant 1 € (0, 1), we have

c:='+1-2)" € U A(x, e).

(x,€)€(0,00)X(—¢0,€0)
Then, there exists a constant 7 > 0, such that
’ " _
AU + (A -)U; +7 < U;. (48)
Proof. Let us show that
/ /"
AYg + (A=Y —no <Y, (49)
where Y's satisfy Equation (35) with respective cs and ) is some positive constant. As the generator

of Y is not jointly concave in (¢, Y, Z), with p :=1— i following Xing (2017a), one can set

1 1
,2) := %(Yé, lyé‘lz)

(O
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Then Y satisfies
D T p 2 T
C c 1 Z
Y, =e 7L +/ Se 2 4 Z(0-1)2E ds—/ ZdB,, tel0,T], (50)
t p . p 2 Ys . N N

where the generator is jointly concave in (c, Y, Z) when 6 < 1.
For Y and Y, let AY =AY + (1 —-A)Y”, Ac := A’ + (A - 2A)", and AZ := 17" + (1 —
A)Z" . We observe that

AY :=(pAYY and AZ :=(1-y)(pAY) 'AZ

satisfy

T
1
AY, = (pAY7)® + / (86e7%5(Acy)P — (1 — y)A;)AY °ds
t

T
- / AZdB,, t€[0,T],
t

where

5e—5t

4= ((Act)p — AP =@ =2) () )

AZZ ZI2 ZN2
1
+E(e_1)<AYt —ﬂ.—[—(l—l) Y” >0,

(51)

as both terms on the right-hand side are non-negative by the joint concavity of the genera-
tor to Equation (50). Additionally, the function x — x?, x > 0 is strictly concave. Therefore, on

{c; +c < % e} —c)'| = a},we have ((Ac,)P -] (c{)p -—(1-2 (c;’)p> > &,, for some constant
8; > 0, which depends only on € and A in the statement of the lemma (alsoon p =1 — i, but ¢

is fixed throughout the paper). Similarly, we obtain

pe®TAY < (Acy)P —

51 1 roon_ Yo o .
lep+epscilep—crlzel
Therefore, for some constant §, > 0, we have

AYp > e 9T (Acp) 7 + 6,1 el (52)

”< Jep—ci|>e}”

It follows from Equations (51) and (52), that (AY, AZ) is a supersolution to

T T
YA = e (Acp)17 + / F(s, Acg, Y2%)ds — / Z5¢dB,, tel0,T].
t t
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Setting &, := —(1 —y)A,AY, ‘. te [0,T), & ;=AY — Y%C, we observe that £, > 0,t € [0,T],
and, moreover, for some constant §; > 0, we have
~ 1-1
§20AY, iyl g L E1OT) (53)
ér 2 521{C’T+C’T’s§,lc}—c¥|25}'

We stress here that gl and &, depend only on A and ¢ in the statement of the lemma.
Further, let us define 7, := AY; — YtAC, and ¢, 1= AZ, — ZtAC, t € [0, T], we deduce that

T -1
no=ér+ / {(59e‘5s(Acs)p —(1—p)A;)AY, ° —F (s,Ac,, Y5°) }ds
t

(54)
T
- [ a.
t
Let us rewrite the latter generator as
1—=
(6679 (Acy)” — (1 — y)A,)AY ° —F (s,Acg, YE°)
1
1—=
=—(1—-pAAY, ° +F(s,Ac, AY,) — F (s5,Ac, Y2°) .
_ Ac
Setting «; 1= FAcAY) e Yy )1{77[;&0}, t € [0,T], we can rewrite Equation (54) as
s
T T
Nt = §T + / (agns + §S)dS - / ngBS,
t t
With T, :=exp </0[ ochs), we get
1 T
N = F_[Et ergT +/ gsrsdsl .
3 t
In particular, att =0, we get
T
no=E lFTgT +/ gerdS] = E[(T'§) - xr]. (55)
0

Asboth AY and Y€ are finite-valued, T" > 0. Next, as from Equations (70) and (55), we deduce the
strict positivity of U, (by the strict comparison and Equation 47) that

AY, — Y5 =no> 0. (56)
Moreover, as in Xing (2017a, eq. (A.6), p. 247), we get

AY, <Y + A -DY, te[0,T], P-as. (57)
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Combining Equations (56) and (57), we deduce that
AYS + (1= DYS 2 AY, > Y5+,

and thus Equation (49) holds, which, via Equation (34) and Xing (2017a, Proposition 2.2), implies

Equation (48), where 7 = % O

‘We will need the following technical lemma.

Lemma 5.6. Let x > 0 be fixed. Under the conditions of Theorem 3.6, let ¢, k € N, be a sequence
or real numbers converging to zero. Let us set

1
Mo X5V (x,00— AM, t€[0,T, kEN, &>0, M>0. (58)
x+06 N

Then, for every k € N, there exist §'(k), M(k), such that for

ok = kS MB) ke N, (59)
the associated solutions to Equation (35) satisfy

klgg Y& =y, rucp.

Proof. First, we observe that e A(x,g,), k € N. Fixing an ¢’ > 0, reutilizing the argument from
the proof of Xing (2017a, Proposition 2.2), one can first show that there exists n’ € N, such that

/ !
P| sup |Y]— Yf(x’O)I > £l < E—, n>n', (60)
te[0,7] 3 3

where Y" is the first component of the solution to
) T T
Y= <e—59T(€T(x,O)) _y) AN +/ F(s,C4(x,0), Y] ds —/ Z'dBg, t € [0,T].
t t

Further following the proof of Xing (2017a, Proposition 2.2), one can show that (Y",Z") € S® x
M? to the BSDE above exists and is unique. Furthermore, via the comparison result, see, for
example, Pardoux (1999, Theorem 2.4), we deduce that0 < Y"” < n,and Y" =] lim,,_,, Y"",m €
N, where Y™ solves

T
Yy = (e‘59T(€T(x, O))l_y) AR +/ F™ (5,8,(x,0),Yg"™) ds
‘ (61)
T
—/ z!'"dB,, t€0,T],
t
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-1 1
where F™(t,c;,y) 1= 86e™° | c, Y Am |yl Am)' 5. Here, by comparison, we have 0 <

Y™™ < n. As a result, for m > n, we get

t

-2 _1
F™(t,¢,,Y"™) = 60e~° <c[ ¢ /\m> (v /\m)1 6
(62)

-1 1
- ¥ my1—g
= §8e~ 0t <c[ /\m> (Yy;/m) e

Further, as we can show that, for every n € N, we have lim, o, sup,co 1| Y-y =0in
probability P. Therefore, we conclude that there exists m’(n), such that

/ /
P|sup |[Y!-Y"™"|> <8 m> m'(n). (63)
te[0.T] 3 3

Next, for ¢9"M given by Equation (58), k € N, 8’ > 0, and M > 0, let us consider the following
family of BSDEs:

/ 1-y ,
yeeo M — g-d6T <c;f’5l’M) +/ F<s, oM et ’M)ds
t
64
v (69
—/ ZE9MaB, telo0,T], keN, &>0, M>o.
t

By Cohen and Elliot (2012, Theorem 5.1), for every choice of k, §’, M, there exists a unique solution
to Equation (64), (Yck’sl’M,Z""s”M > € S? x M?2. Further, by replacing F with F¥ as in Equation
(62), and using the comparison for BSDEs results as in Pardoux (1999, Theorem 2.4), we deduce
that the first component of the solution is in S*.

Let us consider Equations (61) and (64). These are BSDEs with bounded terminal conditions
and Lipschitz generators. Therefore, for a given n satisfying Equation (60) and m satisfying Equa-
tion (61), Cohen and Elliot (2015, Theorem 19.1.6, p. 472) allow to pick 6’ and M and then k, such
that

_ ok M nm

¢ ¢
vty ’z <3 kzk. (65)

P| sup
tel0,T]
Comparing Equations (60), (63), and (65), we deduce that

ok’ M 2(x,0)
th Y,

P| sup > | <éd, k>k,
te[0,T]

As ¢’ is arbitrary, we deduce that there exists ¢*, k € N, asin Equation (59), for which the assertion
of this lemma holds. O
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5.2 | Proofs of the main theorems

Proof of Theorem 3.4. First, we observe that Equation (24) follows from Lemma 5.2. Next, from
Lemma 5.3, we get

liminf u(x’,¢) > u(x,0). (66)
(x!,e)—(x,0)
Applying Lemma 5.4, we obtain
v(¥,0) + xy > limsup (v(y’,¢) + xy"). (67)
&)= ».0)

Now, using Matoussi and Xing (2018, Theorem 2.7), we have

limsup (v(y’,¢) + x'y’) > limsupu(x’,¢), x’ >0. (68)
(')~ (2,0 £=0

From the assumption of the theorem (Equation 20), we deduce
u(x,0) = v(y,0) + xy. (69)
Combining Equations (66)—(69), we conclude

u(x,0) < 11m inf u(x’,e) < limsup u(x’,¢)
(x!,£)—(x,0) (x,©)—(x,0)

< limsup (v(y,e)+x'y) < v(¥,0) + xy = u(x,0).
(x!,e)=(x,0)

Therefore, all inequalities above are equalities, and we get Equation (25). Next, from Equations
(69), (67), (68), and (66), we obtain

u(x,0) = v(y,0)+xy > limsup (v(y/,¢)+xy’)
0—-(1,0)

> liminf (v(y,¢)+ xy’') > liminf u(x,e) > u(x,0
O".6)=(»,0) ( 0. +xy ) (".e)~(.0) (%,) (x,0).
Therefore, all inequalities above are actually equalities. This implies Equation (26).

Finally, the existence and uniqueness of the optimizers follow from Lemma 5.5 and convexity
and closedness in L.°(dx x P) of the set A(x, €), (x, €) € (0, 00) X (=€, ), note that the convexity
of A(x,¢), (x,€) € (0, 0) X (—&g, &), follows from Assumption 3.1 and Lemma 2.1. O

Proof of Theorem 3.6. Step 1. Assume by contradiction that the assertion of this theorem, that is
Equation (28), fails. Then, there exists § > 0, such that

lim sup(dx x P)[|c(x", ™) — ¢(x,0)| > 8] > 6.
n—oo
As m, n € N, converges to 1, in measure (dx X [P), consequently , n €N, is bounded in

L%(dx x P). Next, following Equation (8) and the argument in Mostovyl (2015, Proposition 4.2),
one can see that the set A(1, 0) is bounded in L°(dx x [P). Therefore, since &(x", ¢
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by possibly passing to smaller §, we deduce that
lim sup(dx x P) [ {e(x", ™) — €(x, 0) ‘>5 c(x™, e") + elx, O) - _c1$ > 0.
n—oo

With &%, k € N, as in Equation (59) (in Lemma 5.6), by passing to even smaller &, we get

. 1
limsup(dx x P)|[6(x",e") —¢"| > 6, e(x",e")+¢" < <[ > 6. (70)
n—o0
Let us set
N . 1 n n N xn+x n
.=§|€(x LM+ e 5" ), neN. (71)

Furthermore, one can show that ¢" € A <T € ) as for every t € [0, T], we have

1 1--
@) = (Slawnen+a)

1 1
<max (G(x"e"),e) ¥ <@G&hen) P+ @) v,

and at maturity, we have

1 1 = 1 x 1 =
i\ 1-r ~
@ = (e oral) <)

and thus, ¢"s satisfy both integrability conditions in the definition of .A’s in Equation (9).
Step 2. Let us use Lemma 5.5 along a subsequence from Step 1 that we do not relabel and such
that

lim (dx X P)
n—oo

[ex", ") —c"| > 8, Cx",e")+¢" < %] > 6.

In the argument below, the notations from the proof of Lemma 5.5 are used. For

= E[(T"E") - k7], neEN, (72)

t _l _l
I > exp <ae / @) ¥ (aY") s ds>,
0

for some constant a > 0 (and where 6 < 0 and rAY" is as in the proof of Lemma 5.5 corresponding
toc’ =a(x",e"),c” =¢* and A = %.)
Next, from Lemma 5.6, along a subsequence, which we do not relabel, we have

one can show that?

lim sup Yo

¢ —Yf(x’o) =0, P-as.
k—co
te[0,T]

2The lower bounds on «"s are obtained through estimates on the slopes of F.

85ULD| SUOWIWIOD BA 1D 3|qedtjdde auy Aq peupnob a1e sapiLe O ‘2SN JOsa|n 1o} AiqiT aUlUO AB]IM UO (SUOHIPUOD-PUR-SWB} W00 A8 1M ARe1q1BUIIUO//:SHHL) SUORIPUOD Pue SWwie 1 8U) 89S *[i7202/TT/20] Uo ARiqiT8uluO A8|IM Yin'de'xo@ equswi-<ypjoqdIus> Aq ¥EVZT 1feW/TTTT 0T/I0p/LI0 A 1M Aeiq Ul |uo//Sdny WO papeojumod ‘v ‘v202 ‘S966.97T



MONOYIOS AND MOSTOVYT 1285
WILEY -2

Further, Y?*"<") is bounded from above by a real-valued process, by the assumption of this the-
orem. Therefore, as AY]' < %Y?(x < 4 %an t € [0,T], P-a.s., by the proof of Lemma 5.5, we

deduce that
t 1_1 1
I} > exp <a6/ (CORRAN I ds>
0

(73)
t 1_1 n .n -2
> exp (a@/ C(x"em)y+ehy v (Yf(x <) 4 YSE") ? ds>.
0
From the assumptions of this theorem and Lemma 5.6, we obtain that
liminfI? =:T® >0, t€[0,T], P-as. (74)

n—oo

Let us consider the sequence £", n € N. Following the proof of Lemma 5.5 (see Equation 70), we
observe that

&> 8 (AYt”)l_é telo,T), (75)

1, N 1
{[é(xn.em)—ct| 28, c,(x",s”)+6{‘53}’
and

(76)

n
>
ér 2 521{)6T(xn,en)—a;|za, Cranem+gi<zy

where constant §; > 0 and &, > 0 depend on § appearing in Equation (70) only. As AY}' > Z%Yf”,
t € [0,T], P-a.s., by the argument in Lemma 5.6, we have

liminf (AY}') > liminf lYf" = lYf(x’o) >0, t €[0,T], P-as. (77)

n—co n—oo 20 - 26
By the Dunford—-Pettis compactness criterion (see, e.g., Karatzas and Shreve (1998, p. 26)), there
exists a weakly (in L!(dx x P)) convergent subsequence of £ A 1, n € N, whose limit is denoted
by £. In view of Equations (75)-(77), we have (dx x P)[£*° > 0] > 0.
Let us pass to this subsequence that we do not relabel again. The non-negativity of I"£" (by the
construction above) allows invoking Fatou’s lemma, which implies that
liminf E[(T"(§" A 1)) - k7]
n—oo
=liminf (E[(T®(¢" A1) - x7| + E[((T" =T*)(¢" A D)) - x7])
n—oo
>E[(T®£%) - xr] > 0,

as (dx X P)[E€® > 0] > 0 and T™ > 0, (dx x P) — a.e., as well as

Tim E[(F®(E" A D) 1] = E[(F®£%) - 1],
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by the weak convergence in [L!(dx x P) (here we recall that I's take values in [0,1] as 6 < 0), by
Fatou’s lemma (here, I°(£" A 1) is bounded from below by —1) and Equation (74), we have

lim inf E[((T" = T®)(E" A 1)) - 7] > 0.
n—-oo
We conclude that
liminf " > 0. (78)
n—oo

Step 3. For ¢", n € N, defined in Step 1 (see Equation 71), let us consider the subsequence from
Step 2. By Lemma 5.5, we have

o 1 1
lirrlrl)ioglf U, > H,Iﬂ)i;}f <§u(x",a”) + EU(C) + 1’7"), (79)

n
where 7" = n_1 and 7" are given in Equation (72). It follows from Lemma 5.6 that
y—

lim US" = u(x,0). (80)
n—.oo
On the other hand, as ¢" € A ( x"2+x , E"), we get
=n x" + X
Us §u< 5 ,s”). (81)
By Theorem 3.4, we have
liminf u(x", ") = u(x, 0). (82)
n—oo

Therefore, in Equation (79), via Equations (80)—(82), we conclude that
E ct i i 1 noon | im inf At
u(x,0) > liminf U > liminf { zu(x",e")+ =US + 7" ) > u(x,0) + liminf 7",
n— o0 0 n— o0 2 20 n—oo
which is impossible, as liminf,,_, ., #"* = liminf,,_, 77_"1 > 0 by Equation (78). [
y—

Proof of Theorem 3.7. Let us recall that, for a given nonnegative consumption stream c, U¢ was
defined in Equation (4) and Y* in Equation (35). The proof of Theorem 3.7 is entirely similar to
the proof of Lemma 5.6. It relies on the truncation and the stability of BSDEs result as in Cohen
and Elliot (2015, Theorem 19.1.6, p. 472), so that we can show that

lim Y& =y®*x0  yep and lim U9 = gex0) yep.
(x!,&)—(x,0) (x!,&)—(x,0)

We omit further details for brevity. O

Proof of Theorem 3.8. Let us consider a sequence (x,,€,), n € N, convergent to (x,0). Without
loss of generality, we will suppose that x,, > 0 and ¢,, € (—¢y,€g), n € N. Let us denote

Xn =X€(xn’5n)’ Nn = N‘En’ cl’l = A(xn’sn)a n E Na D = ﬁ(y’o)a
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and set
) .
D :=DN", L":=— <X”D” + / Dgcgdxs>. (83)
n 0

Then, by Lemma 5.1, D" € D(y,¢,) and thus L", n € N, is a sequence of non-negative super-
martingales. Since (dx X P)-lim,,_, o, ¢" = ¢(x, 0) by Theorem 3.6 and (dx X P)-lim,,_,., D" = D
by Equation (83) and the assumption that (dx X P)-lim,_, N¢ = 1, we pass to a subsequence,
which we do not relabel and suppose that r}1—>nolo D"c" = Dé(x, 0), (dx x P)-a.e. Therefore, using

Fatou’s lemma, we get

ligicgf/TD;"c?dxs > /TDsé\S(x,O)dKS, P-a.s. (84)
0 0
Let us further set

L:= %(Xf(x"))D + /0 .Dsa(x,o)de) (85)
The optimality of ¢(x, 0) implies that Xg(x,o) =0, P-a.s., as it is optimal to consume everything

that is left at maturity. Likewise, the optimality of ¢" implies that X = 0, P-a.s., for every n € N.
Therefore, Equations (83)-(85) result in

liminf L7 > Ly, P-as. (86)
n—0o00
From the respective definitions of L, n € N, and L, we conclude that
Lg = DO = Lo, ne N (87)

Let us recapitulate that L", n € N, are non-negative cadlag supermartingales and L is a non-

negative cadlag martingale satisfying Equations (86) and (87). Let us consider a probability
AR _ D ThenR ~ P, and, under R, L <1+L‘ ) ,neN,
dpP 1+Ly 1+L 1+L; te[0,T]

are non-negative supermartingales. Consequently, from Equations (86) and (87), we conclude that

1+L" .
- n € N, satisfies
+

measure R, whose density is

1+L P 1+L7
1+1L, T+ L,

1, [P-as.

Therefore, applying Kardaras (2013, Lemma 2.11) (under R), we deduce that

lim 1+ L7 =1, uc
newo 1+L 0 P
and thus
lim L" =L, ucp. (88)
n—oo
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Consequently, and in particular, passing to another subsequence, which we do not relabel, we
get

T T
lim D?c:fdxs=/ D,¢,(x,0)dx,, P-as. (89)
0 0

n—oo

Next, similarly to Equation (84), for every t € [0, T], we deduce that

T T
liminf/ D?c?dxsz/ Dycy(x,0)dx,, P-as., (90)
n—oo t t
and
t t
liminf/ D?c?dxszf DCi(x,0)dx,, P-as. (91)
n—oo 0 0

Therefore, from Equations (89) and (90), we get

t T T
lim sup/ Dfcldx, = limsup (/ Dicldxg —/ D;’cgldxs>
n—oo 0 n—oo 0 t

(92)
t
S/ DgCy(x,0)dx, P-as.
0
In turn, Equations (91) and (92) imply that
t t
lim DS"cg’dks=/ DCi(x,0)dx,, P-as., (93)
n—oo 0 0

where the last equality holds for every t € [0, T]. As the processes /0. Dlcldxg, n € N, and
/o. DCy(x, 0)dx,, are cadlag monotone, from Equation (93), we get

t t
/ D;’cg‘dxs—/ DCy(x,0)dx,| =
0 0

Finally, as D"s and D are strictly positive and (dx x P)-1lim,,_,, D" = D, from Equations (88)
L"— [ Dcldx,
and (94), using Durret (2005, Thoerem 1.6.2, p. 46), we deduce that X" = M, neN,

Dn
Ax0) — L~ [, DsCs(x,0)dxs

lim sup 0, P-as.. (94)

n=% telo,1]

converges to X°¢ in measure (dx X P). If lim,_,, N = 1, ucp, then, similarly,
from Equations (83), (88), and (94), using Durret (2005, Thoerem 1.6.2, p. 46), we conclude that
lim X" = X4X0) yep.

n—oo

O
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