EXAMPLES SHEET, ANALYSIS OF BOOLEAN FUNCTIONS

TOM SANDERS

Throughout G := F} and X is a finite set unless otherwise stated. Answers and com-
ments on some of the questions appear at the end.

1. Prove the nesting of the LP(X)-norms and ¢?(X)-norms. Show that in the first case
equality holds if and only if the function is constant, and in the latter if and only if the
function is a d-function, meaning that it is supported on exactly one point of the domain.

2. Prove Chebychev’s inequality that
px({z: [f(@)] = ) <20

Prove an LP analogue and ¢” analogue.

3. Prove the instance || f*g|z1) < || fll2@)ll9]|1 (@) of Young’s inequality via the triangle
inequality.

4. Prove the instance ||f * g|lr~@) < || fllzr@)ll9llze@) of Young’s inequality via the
Holder’s inequality.

5. Prove the general instance of Young’s inequality via interpolation if you are familiar with
it. If not look up Riesz-Thorin interpolation on wikipedia and try to use it in conjunction
with the previous inequalities.

6. Prove that if V and W are (vector) subspaces of G then
dmV 4+ W =dimV +dimW —dimV N W.

7. Compute the convolution 1y * 1y~ if W and W’ are affine subspaces.

8. Compute the convolution 14 * 1y, if A C V has density o and V is a vector subspace
of G.

9. Show that if S C G then the map 7 : (*(G) — (*(G); f — f|s is a projection in the
sense that it is a linear map with 72 = 7. Show directly that if V is a subspace then the
map Py : L*(G) — L*(G); f — f * uy is also a projection. Can you show this using the
first part?

10. Make sure you believe that f+g=gx* f and f* (g*xh) = (f*g)*h.

Last updated: 13" June, 2012.



2 TOM SANDERS

11. Find an upper estimate for pg({x : 14 * 1a(x) > ca}). Is there an interesting lower
estimate? What if ¢ < a? Suppose that you know ||1,4 * 1A||%2(G) > na?. Does that help?
What if n > 2¢7

12. Prove that if GG is a finite group of exponent 2, that is a finite group in which every
element has order 2, then G is abelian. Hence, or otherwise, show that G is isomorphic to
the additive group of F} for some n € Nj.

13. We say that f € L'(G) is idempotent if f * f = f. Show that if f is idempotent
then || f||L1 @) = 0 or else || f||L1(@) = 1. Show that if || f||,1) = 1 then f = zuw where
|z| = 1, W is an affine subspace of G and pyy is, as usual, the unique probability measure
supported on W.

14. Recall that if B is a (real, finite dimensional) Banach space then B* denotes its
dual space, that is the space of continuous linear functionals B — R. Prove the Riesz
representation theorem that if ¢ € LP(X)* then there is some g € L4(X) (where p~!+¢~ ! =
1) such that ¢(f) = (g, f)r2(x) for all f € LP(X). What is ||g||ze(x)?

15. Suppose that X, X, are finite sets, (p1,q1) and (p2,q2) are conjugate pairs of in-
dices. Suppose that T is a linear operator LP'(X;) — LP?(X,). The adjoint operator
T : L%(Xy) — L®(X,) is defined by (T'f, 9)12(x) = ([, T*g)12(x,) for all f € LP1(X;)
and g € L”(X3). Check that this produces a well-defined linear operator and compute
|T*|| in terms of ||T'||. Note that the same arguments give the same results for ¢P-spaces,
and for maps between LP* and /P2 spaces.

16. Which functions f are idempotent (see the previous question for a definition) and
have || f|| r(e)y < 1 for some p > 1?7 Prove || f||z(c) < 1 using Young’s inequality.

17. Write 4, : G — C for the map taking = to /|G| and all other elements to 0. Prove
that (0;)zeq forms a basis for L?(G). This is the physical space basis of d-functions.

18. Characterise the homomorphisms G — {—1,1}, where {—1,1} is a group under
multiplication.

19. Suppose that f € L'(G). Check that you believe that g — f * g is a linear operator
L*(G) — L*(G). Such operators care called convolution operators. What is the operator
norm? What is its determinant? What is its characteristic polynomial? What is its
minimal polynomial? Why is the operator diagonalisable?

20. Characterise those bases of L*(G) that simultaneously diagonalise all convolution

operators, that is identify all bases {e1,..., e} of L*(G) such that f xe; = A(f,7)e; for
alli € {1,...,|G|}.

21. Prove the special case Hfﬂgw(g) < || fl 21 (@) of the Hausdorfl-Young inequality.
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22. Prove Plancherel’s theorem that (f, g)r2) = (J?, §>62(@) for all f,g € L?(G) using the
Fourier inversion formula.

23. Check that the map L*(G) — 52(@); £+ [ is an isometric isomorphism. What is its
adjoint? What is its inverse?

24. Deduce Plancherel’s theorem from Parseval’s theorem. Unless your proof was very
exotic, what you have done is called de-polarisation.

25. Prove the general Hausdorff-Young inequality that ||f|| w@ S Il g for all p €

2, 00] using interpolation or otherwise. Prove the dual version that || f||zr@) < H]?H (@)
for the same range of p.

26. Suppose that G is any finite group of exponent 2. We know that there is some n
such that G is isomorphic to Fj and in lectures we defined G through this isomorphism. A
much better was is to let G be the set of homomorphisms G — {—1,1} where {—1,1} is
considered to be a group under multiplication. Show that if ¢ : G — F} is an isomorphism
then

{yo¢:7:G— {—1,1} is a homomorphism.}

is equal to the set G as we defined it in lectures. We shall typically use the definitions
interchangeably.

27. Suppose that X is a finite set and A C P(X) is intersection closed and contains X.
Then we say that S C X generates A € Aif S C A and for all A’ € A with S C A’ we
have A C A'. If ) # S C G, how large is the affine space generated by S compared with
the vector space?

28. If A C @ has size dc(A) = k, how large and small can pug(A*) possibly be in terms
of k7

29. Prove that || f||pyme) = Hf”zoo(@) is a norm; it is the spectral radius — that is size
of the largest eigenvalue — of the convolution operator g — f * g. Prove that || f||4@) =
sup{[(f, 9) 2| : ll9llpm < 1} is an algebra norm, that is, it is a norm such that

1£9lla) < [Iflla@llgllac)- Show that [|flla@) = [1flln@)-

30. Prove the spectral radius formula, that is Hf(”)HlL/;zG) — Hﬂ\gm(@), where f € LY(G)

and f™ denotes the n-fold convolution of f with itself. How rapidly does it converge? For
which values of p € [1, 00| can you replace L*(G) with LP(G)?

31. Prove that Hf“zoo(é) > || flleie/+/|G]|. Can you do any better?
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32. Show that if H is a finite dimensional Hilbert space then H is isometrically isomorphic
to £2(X) for some finite set X. On the other hand show that there are finite dimensional
Banach spaces B such that B is not isometrically isomorphic to ¢(X) for any p € [1, 0]
and finite set X.

33. Establish the log-convexity of the LP-norms. That is to say show that

_ 1 6 1-6
1£1lzr) < I IZo I f Iy whenever =gt anddelodl

34. Show that if V and W are linear subspaces of G then V NW is a linear subspace and

codVNW < codV + cod W;

when does equality occur?

35. Prove the following law of large numbers. Suppose that A C G has density «, W is
the affine subspace of G generated by A, and V' is W’s vector subspace. If z1, ..., zo are
elements of A chosen independently and uniformly at random and S C G has density o
then

P(xl 4+ -4 a9 € S) = Iuv(S)(l + Oa,a;k—w()(]'))‘

36. Can the Parseval bound, that | Spec,(f)| < e_QHfH%Q(G)HfHZf(G) for all f € L*(G), be
improved?

37. Show that if A C G has density a > 0 then A+ A + A contains an affine subspace of
co-dimension at most O, (1).

38. Suppose that A C G is such that there is A’ C A with
{(z,y,z,w) € (A 2 +y+zt+w=0gandz #y,x# 2,24 w}=10

and pug(A\ A’) < e. Show that pug(A) < €+ o(1), where o(1) — 0 as |G| — oo. Can you
get a reasonable bound for the o(1) term?

39. Prove that the set of vectors in G having at least n — d ones intersects every affine
subspace x + V' where V is a linear subspace of co-dimension at most d.

40. Show that for n sufficiently large in terms of K there is a set A C G = Fj with
tc(A) = 1/3 such that for any X C G with | X| < K we have A + X # G.

41. Suppose that A is an independent subset of G. How large is nA in terms of n and the
size of A?
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42. (Khintchine’s inequality) Suppose that A C G is independent and p € [1,00). Prove

that
QI flleea) = 1D FN Yoy = OB f ) for all f € 2(A).

YEA
[Note that some of the inequalities and range of values follow immediately from Rudin;
some require an additional argument. |

43. Deduce Rudin’s inequality from Beckner’s inequality.

44. Show that if |A+ Al < K|A| then A+ A+ A contains an affine subspace of dimension
at least log, |A| — Ok(1).

45. Show that if A C G has density a and € € (0,1]. Then Sym,, (A) contains 1 — € of a
subspace V' of co-dimension O, ,(1).

46. Show that if A is a set of independent characters and A C G has density « then

S LSNP < Ofloga e,

SCA,|S|=r AeS

47. Show that if p(z) = 37, xix; then ((=1), (=1)") 12y = o(1) for all linear polyno-
mials /. That is to say, the conclusion of the U3-inverse theorem cannot be qualitatively
strengthened.

48. Prove directly that if S C G and ¢ : G — G is such that

nex({(z,y) € G*: g(x) + ¢(y) = d(z +y). 2.y, 2 +y € S}) > ¢,
then there is a morphism 6 such that pe({z € S : ¢(x) = 0(z)}) = Q(1).
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COMMENTS AND SOLUTIONS

First note that the number of quadruples (z,y, z,w) € A’ with z + y + z + w = 0¢ is
(11) Z ]_A/(I)lA/(y)]_A/(Z)]_A/(U)) = |G|31A’ *]-A’ *1A’*1A'(0G>
r4+y+z+w=0g
= |G|3<1A’*1A’71A’*1A’>L2(G)'
Now, if A’ has

{(ry,zw) e A" xty+z+w=0gand x £y, o+ 224w =0

Then any quadruple (z,v, z,w) € A" with # +y+ 2 +w = Og has x = y or = z or
z=w. Autifx +y+ 2+ w =0g and x = y then 2z = w; and similarly if z = z or z = w.
It follows that there are at most |G|? such quadruples and hence the left hand side of
is at most |G|?. Thus

GI7! > [ * Lwlliaey = L * L llLr ey = pe(4)*
where the inequality is by Cauchy-Schwarz and uq(A’) < |G|~'/4.
Now, since A" C A we have
1G(A) = pa(A\N A) + pe(A) < e+ pe(A) = e+ o(1).

More than this the o(1) bound is rather good and certainly reasonable, satisfying the
demand of the second part. The point is that we do not just prove a variant of the removal
lemma.

The point of this question is to highlight the parallels between Beckner’s inequality
and Chang’s theorem. Write

a(o) = [[ (1 + eA@)).
AEA
Since A is independent it is easy to see that if S C A then
(> N =€l
AeS
It follows that

IDale > > SN E= Y L NE

SCA,|S|=r AeS SCA,|S|=r AeS
On the other hand, g, is equal to the Beckner operator p. (on G/(,c, A with a suitable
basis). Hence

145 @) = 114 * @ellZa@) < 11all7ire g = o0

Optimising as with Chang’s theorem we put €2 = 1/(1 +loga™!) to get the result of the
question. Note that if r = 1 we can easily recover Chang’s theorem.



EXAMPLES SHEET, ANALYSIS OF BOOLEAN FUNCTIONS 7

One way to prove this is to follow the start of the proof of Lemma [7.12]in the notes.
First, if S = {0g} then we can take # = 0 and so we assume not. Define ¢ on G to equal
¢ on S and v on S¢ where v is as in Lemma in the notes. Then it is easy to see that

ner({(w,y) € G*: d(x) + 9ly) = o +y),z,y,2 +y € 5}) > e
Now we apply the Rough Morphism theorem to get a morphism 6 such that
pe( € G2 0(x) = ¢(x)) = exp(—0(e V).
Thus, either exp(—O0(e M) = 27".0(n?) or
pa(z € 8 8(x) = ¢(x)) = exp(—0(e V).
In the first case, let 2’ € S have 2’ # O¢ (possible since S # {0¢}) and let 6 be a morphism
such that 0(z") = ¢(2') and the result follows; in the second, we let 6§ = 6.

The point of the question is that this result could be prove directly following the argument
for the Rough Morphism Theorem, rather than by using the above method.
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