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A combinatorial classic: Chromatic number and girth

Theorem (Erdés, 1959)
For all k, g, there is a graph G with
x(6)>k and  gir(G) > g.
How special are these graphs? Can we find them everywhere?

Conjecture (Erdés—Hajnal, 1969)

For every g > 4, there is a function f; such that every graph with
x(G) > fy(k) has a subgraph G" with

WG >k and  gin(G)>g.

Rodl (1977): True for g = 4. Elegant proof, but bound on f1(k)
is tower of height ©(k? log k).

Pettie—Tardos—Walczak (2025): If f5(k) exists, it must grow at
least as a tower of height linear in k.
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The odd-girth version

ogir(G) is the length of a shortest odd cycle

Conjecture (Mohar-Wu, 2018)

For every odd g > 5, there is a function hg such that every G with
X(G) > hg(k) has a subgraph G’ with

x(G') > k and ogir(G') > g.

“Must graphs with huge chromatic number have locally bipartite
subgraphs with large chromatic number?”

Conjecture (Erdés-Hajnal, 1975)

For every infinite cardinal m and every odd g > 5, every graph of
chromatic number m has a subgraph of chromatic number m and
odd-girth at least g.
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Main result: locally bipartite subgraphs

For every fixed p > 1:

x(G) > expP(k3+°(M))y  — 3G C G {

p
1
2
3

excluded cycles
G
G, G
G, G, G

Theorem (S., 2026)

x(G) = k,
ogir(G') > 2p + 3.

sufficient x(G)
exp(k3+o(1))
exp(exp(k3To)))
exp(exp(exp(k3to(1))))

Corollary (Easy using De Bruijn-Erdés)

Every graph with infinite chromatic number has subgraphs of
infinite chromatic number with arbitrarily large odd-girth.
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A more general meta-theorem

Theorem (S., 2026)

Let f be x-amenable. For every fixed p > 1:

£(G') >

k,
f(G) > exp®P(k3°)) — 3G’ CG:
ogir(G') > 2p+ 3.

Many well-studied graph parameters other than x are x-amenable:

Theorem (S., 2026)

The following parameters are x-amenable:

@ The fractional chromatic number x¢ = fractional variant
(conjectured by Mohar-Wu 2018, who did triangle-free case)

® The Hall-ratio p(G) = maxg£HcG ‘Z((II-II)N

o The strict vector chromatic number 9(G) := 9(G) (a.k.a.
Lovdsz Theta function of the complement)
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Multicolor Ramsey numbers of odd cycles

Op denotes the set of the first p odd cycles (C3 through Copy1).

Definition

Rq(Op) is the smallest N such that every g-edge-coloring of Ky
contains a monochromatic member of O,,.

Best-studied case: p = 1 (multicolor Ramsey number of triangles).
Best bounds for a long time (Ageron et al. 22, Xu-Xi-Chen 02):

3.289 < Ry(C3) < 2.55¢!
Fix p > 2, best bounds (Day-Johnson 17, Axenovich et al. 26):

(2+0,)7 < Ry(0,) < qa/pto@)
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A surprising connection

Let £ = x(G) and fix a proper vertex-coloring ¢ : V(G) — [].
Suppose K; has a g-edge-coloring with color classes Hi, ..., Hg,

each of odd-girth at least 2p + 3.

G c
vertex-colored by [/] —’[ Ke=HyU---UH, ]

pull back edge colors

G=GU- UG,
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Odd-girth survives the pullback

uv € E(G)) <= uveE(G) and c(u)c(v) € E(H)).

H; on the color labels G; on the original vertices
c1(1)
1) fé‘ c1(5)

homomorphism
c'(3) c'(4)

An odd cycle in G; maps to a closed odd walk in H;. A closed odd
walk of length at most g yields an odd cycle of length at most g.
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One part must keep high chromatic number

For graphs on the same vertex set, product coloring gives
q
X(GLU---UGy) <[] x(G).

Therefore our decomposition satisfies

q
t=x(6) <[ x(6, max x(G;) > (V9.
i=1 !

Ramsey construction useful if it efficiently decomposes/colors a
clique without monochromatic short odd cycles
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Superexponential growth is what matters

Choose g minimal such that Rq(Op) > £. Then
Rq-1(0p) < £ < Rq(Op).

If every G; had x(G;) < k, the product inequality would give

Ry_1(0,) < € < kO,

Corollary

For every fixed p > 1, if R4(O,) grows superexponentially in g,
then every sufficiently high-chromatic graph G has an O,-free
k-chromatic subgraph.

| got to this point more than a year ago. | was excited and asked
some Ramsey experts, but they told me: Nah, everyone thinks
Rk(C3) grows exponentially. And so | mentally discarded the idea
as proving something interesting about a hypothetical dream world.
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Surprise: We live in a crazy dream world!

Theorem (OpenAl, 2026)

There is an absolute constant ¢ > 0 such that

13\ 9
i (222) s

log q

| will soon explain the nice proof of this breakthrough.
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Consequence: Triangle-free subgraphs

Recall: Given a graph G of chromatic number ¢, we chose ¢
minimal such that £ < Rq(C3) and obtained a decomposition into
q triangle-free subgraphs. If all triangle-free subgraphs had
chromatic number below k, then Rq_1(C3) < ¢ < k9, and so

q'/3—oM) < Rq,l(C;.;)l/q < k, SO g < k3to(®),
The factorial upper bound gives

¢ < Ry(G3) < 3q! < exp(k3+o)).

— x(G) > exp(k3T°() forces a triangle-free subgraph with
chromatic number at least k.
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OpenAl’'s lower bound

Goal: Construct a triangle-free edge-coloring of huge complete
graph with few colors.

The construction works recursively through several stages indexed
by j=0,1,..., H. At stage j, use colors from [jt].

At each stage, we multiply the size of the complete graph we color
by roughly j(t=°()t — superexponential.

For stage j, repeat the vertex-set of the complete graph from stage
j — 1 disjointly jA=°(1)t times (blocks).

Different blocks exclude different sets of t colors from [jt].

stage j— 1 Vp Vo Vr
missing palette P missing palette Q missing palette R
coloring kj_1  ___ copy of Kj_1 copy of Kj_1 copy of Kj_1
colors relabelled colors relabelled colors relabelled
(j — 1)t colors colors [jt] \ P colors [jt] \ @ colors [jt] \ R
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Choosing color-palettes with significant differences

Choose a maximum size family P; C (Uf]) of color palettes subject
to

IPANQI=1Q\Pl>s (P#Q).

Here think of s < t but only by a log factor s = t/log H. A simple
greedy packing/volume argument shows that we can take

[Pyl =t

We'll use PAQ to color cross-edges between blocks Vp and V(.
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Vertex labels for every edge color

Alongside the edge-coloring x;, maintain labelings
Lic:V;—[j+1] for each c € [jt]. L;j. properly colors c-edges.

s N\ 4 . i N\
Vp: c active Vg: ¢ missing
label 1 e o
Il labels j + 1
label 2 e O all labels J +
: C
label j —e—
(. J (. J
inherit the labels in [j] use one new label

the inherited label in [j], ¢ ¢ P,
LJ' C(u) = u € Vp.

.j+17 CEP,
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The crucial property: Coloring crossing edges

Recall: We will color edges between two blocks Vp and Vj only
with colors from PAQ.

But the key property we want is that for every color ¢ € PAQ:

Vp: c active Vo: ¢ missing
u
—_— ]
Ljc(u)=Lj(u) /_=—. v
o— | c
/
u
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Triangles intersecting one or three parts

Inside blocks, there are no monochromatic triangles by

induction. There also cannot be monochromatic triangles (say in
color ¢) visiting 3 blocks, since color c-cross-edges only go between
blocks on which ¢ is active and not active (bipartite).

Vp
C active

Vo
€ missing

c active

Raphael Steiner Locally bipartite subgraphs



Triangles intersecting two parts

Suppose u,u’ € Vp, v € Vg and both cross-edges have color c.

Vp: c active V@: ¢ missing
u
o | C
—c ]
Lj,C(’-’) = j,c(U/) />. v
o— | c
!
u
If c is missing on Vp: If c is active on Vp:

there is no internal c-edge uu’. Key property forces
Ljc(u) = Ljc(u"), and since L;
properly colors c-edges, uu’

cannot be a c-edge.
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Achieving the key property: Hat guessing on complete

bipartite graphs

left team: hats X right team: hats y
guess fi(y @ guess g1(x)
Ks,s
guess f2 everyone sees only @ guess gg(X)

the opposite team )

£

%) guess g(x)
Each player wears a hat in [H] and makes one simultaneous guess.

The team wins if at least one guess is correct, for every hat
assignment.

@B @D@

guess f5(y)

HG(Kss) > H <= 3f,g: [H]° — [H]® with this guarantee.



Complete bipartite graphs can win with many colors

Theorem (Alon, Ben-Eliezer, Shangguan, Tamo, 2020)

For sufficiently large s,
HG(Kes) = Q(—\/g ) .
log s

In the construction we will fix s such that HG(Kss) > H, by the

above we can take
s = O(H?log? H).

Then there are fixed f, g : [H]* — [H]® such that

Vx,y € [HI* 3d € [s] 1 xq = fa(y) or ya = ga(x).
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Coloring cross-edges via hat guessing

For P # @ € P;, we fix once and for all edge-colors

ai,...,as € Q\ Pand by, ...bs € P\ Q.

For u € Vp, v € Vg, form the following left and right hat-color
sequences for K s:

x=(Ljag(U)g=1, ¥y =(Lp,(V))a=r €l SIHP

Vp Vo
u kj(uv) = aq v
xd =Lia(v) o o Va=Lin(v)
ay active here by active here
when x4 = f4(y)
ageQ\P bs € P\ Q

() aq, for the first d with x4 = f3(y),
ki(uv) =
’ by, otherwise, for the first d with yg = gg(x).
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Verifying the key property

Fix Vp, Vg, a color ¢ active on Vp, and v € Vg where c is missing.

Vp: c active V: ¢ missing
u
o | Cc
— < ]
Lj,C(’-’) = j,c('—l/) /_=—. v

o—— | c v is fixed
u y = (Lj,py (V)5 is fixed

Since c is active on Vp, we have ¢ € {a1,...,as}, let d be unique

s.t. ag = c.Then

Li (u)=xq=f, v)),
() = W) =c=aq = LA,

When c is active on V(g and missing on Vp, we use {b1,..., bs}
and g instead.
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What do we get in the end?

s = O(H?log? H) hat strategy
t = slog H = ©(H?log® H) palettes
q = Ht = ©(H3log® H) total number colors

Number of vertices after all H rounds:

H H

H 1P| = Hj(l—O(l))t — (H!)(l—O(l))t — HA—o()Ht _ py(1—o(1))q
j=2 j=2

Thus
Ry(C3) > qa/3—°(@),
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From triangles to all short odd cycles

Theorem (ChatGPT 5.6, presented by S., 2026)

For every fixed p > 1,

Rq(op) > (Iog(p—l) q) q/3_o(q).

forbidden monochromatic cycles lower bound
G q9/3—0(a)
G, G (log q)9/3=°(a)
G, Gs, G (log log q)7/3~°(9)

Combined with the transfer argument:  hy,13(k) < exp(P)(k3+2).
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A generalization: y-amenable graph parameters

Definition: x-amenability

A nonnegative graph parameter f is y-amenable if:

Product inequality: for graphs on the same vertex set,
f(GLU Gy) < f(G1)f(Go).

A bounded chromatic subgraph: for a constant C > 1, every G
has H C G with

f(H) = f(G)/C,  x(H) < Cf(H).

f(-) x-amenable if f is submultiplicative and every graph with high
f has a subgraph with comparable f and chromatic number O(f).
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X-amenability of xr

Xf(G) is the optimal value of the following primal-dual pair of LPs:

min X| (P)
1€Z(G)
st. > x>1 (YveV(G)),
1€Z(G):vel
x>0 (VI € Z(G)).
max >y (D)
veV(G)
st. Y w <1 (VIe€I(G)),
vel

yw >0 (Vv e V(G)).
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x-amenability of

Let z = xfr(G). We can reformulate (P) as:

A distribution on independent sets

There exists a distribution D on independent sets of G such that

Pip(vel)>1/z for every vertex v.
and (D) as:

Dual vertex weights

There are nonnegative weights y, with

Zy\, =z, Zyv <1 for every independent set /.
v

vel

It is a simple exercise to show that x(G1 U G2) < xr(G1)xr(G2)
for G1, G, on the same vertex-set.
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Bounded-chromatic subgraph of comparable

Take r = [z] independent samples I, ..., /.
h e o o o S=hLU---Ul
G' = G[S]
I e o o o 5
x(G) <r
I, e o o o

Every vertex is covered with probability at least 1 — e™!. Thus
some outcome has

xr(G) 2> yw>(1-et)z,  x(G)<[2] <2z
veS

Xf is x-amenable with C =2/(1 —e™1).



The bittersweet aftermath of the paper

Theorem (Kohlmeyer—Kruer (Al-assisted), September 2026)

There are graphs of arbitrarily large chromatic number whose
Cy-free subgraphs are all 6-colorable.

Theorem (Nguyen—Walczak, September/October 2026)
The same statement holds with 3-colorable in place of 6-colorable.

So the Erdés—Hajnal conjecture is false for g > 5: Short even
cycles are sometimes necessary ro retain high x. The construction
actually relies on an earlier construction of Janzer, Sudakov, S.
(but the Al drafts did not mention that, NW noticed it).
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The odd-girth result is best-possible

Call F y-avoidable if, for every k, every graph with sufficiently
large chromatic number has an F-free subgraph H with x(H) > k.

| suggested to NW that in their proof one can replace G4 by K ;.

Theorem (Nguyen—Walczak, 2026)

For s > t > 2, there are G with arbitrarily large x(G) such that

HC G, HisKsefree = x(H)<t+1.

Theorem (Nguyen, Walczak, 2026)

F is x-avoidable <= F is non-bipartite.

So the odd-girth result is best possible in a strong sense: odd cycles
(and thus their supergraphs), but nothing else, can be avoided.
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The End

Th nk you f r your a tentio !
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x-amenability of ¥ (strict vector chromatic number)

A first proof was found by GPT 5.6 Sol with input from S., and
later simplified by S.

Recall 9(G) = 9(G). Similar to how X has a primal-dual
description in terms of LPs, ¥ has a primal-dual description in
terms of SDPs. The dual translates to:

- M>=0, M,=1
9(G) = Mjpo
(G) max{“ H MUV:Oifu#vand“V¢E(G)}

Let M be optimal and z = ||M|| = J(G).

The plan

Partition the vertices into g = [z] classes. Delete the edges within
classes (i.e., insert zeros in the corresponding blocks of the
matrix), without dropping norm too much.

J(G1 U Gp) < 9(G1)J(Gy) is a neat exercise (tensor products).
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An amazing relation to the Kadison-Singer problem

Amazingly, a partition into blocks with small spectral norm is
exactly the problem that Marcus, Spielman, Srivastava achieved in
their 2013 resolution of the Kadison-Singer problem, earning a
Polya prize.

Marcus—Spielman—Srivastava (consequence of “paving theorem")
For g = [z] = [||[M||], there is a partition V = V; U --- U V, with

MVl < 4.
My

Il <4 Vl V2 Vq

M. o0
e —> S 7 A

® o
Mq
I-I'< 4 .
delete the edges inside the g parts

M; = M[V;] x(G')<q
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Deleting blocks yields a feasible matrix for the subgraph

Let D be the block-diagonal matrix with blocks M[V1],..., M[V,].
Since 0 < D < 4/, set

. M=I+iM-D)=imM=o.

M’ has diagonal 1 and zeros on the nonedges of G’. Therefore
I(G) = ||M|| = z/4, x(G') < g <2z < 89(G).

9(G) is x-amenable with C = 8.
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