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Introduction

This paper is a continuation of [15]. In that paper, I introduced a general frame-
work which allows one to produce ‘weak’ counterexamples to Torelli for Calabi—Yau
threefolds: deformation families containing non-isomorphic varieties Y;, Y," with iso-
morphic Hodge theory on the third cohomology. The varieties arise as deformations
of threefolds Y that are resolutions of singular varieties X with rather special prop-
erties (cf. Section 1). In [15], I discussed two families containing suitable X that
do provide a counterexample and a third family with remarkably similar properties
where however the existence of a nontrivial generic automorphism destroys the coun-
terexample. This shows that explicit examples are necessary; there is a precise set of
conditions one needs to check carefully in order to obtain counterexamples to Torelli
(Theorem 1-1). In fact, there exist several families with renitent automorphisms
(Remark 4-5).

The conditions involve two things: log-extremal contractions on the resolution Y
and the automorphism group of X. Both contractions and automorphisms can be
conveniently investigated if X is embedded in a suitable ambient space; it is natural
to restrict to families arising as complete intersections of low codimension in weighted
projective spaces.

The main result of this paper is that Calabi-Yau threefolds with the prescribed
class of singularities embedded as low-codimensional complete intersections in
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weighted projective spaces can be classified (Theorem 1), using an explicit Riemann—
Rock formula (Section 2) and the Hilbert series of a complete intersection variety
(Section 3) following Reid—Fletcher. Contractions on the resolutions of these varieties
can be studied using toric geometry; their automorphism groups can be determined
by doing explicit algebra with polynomials. The final list of counterexamples to
Torelli that one obtains this way is the following (for the proof, see Section 4):

THEOREM 0-1. Let X be a general member of one of the families

Xy C PH12,2%, Xy C P2[12,24], Xyuu C PY[12,27],
X12 C P4[17227 374]7 Xﬁ,ﬁ C P5[172473]7 X4,4,6 C ]P)“[lv 57: ]7
X C P*[lQ,QQ, 6], X5 C P5[1,23, 3, 4], X6 C P5[2°, 32].

Let'Y be the crepant resolution of X. Then the period map is a finite map of degree al
least two from the set of deformations of Y to the period domain modulo monodromy.

The really important issue here is perhaps not the list itself, but rather the way in
which it is obtained: the search based on the Hilbert series of graded rings, coupled
to the power of toric geometry and explicit calculations. The author hopes that this
method will prove to be useful in different contexts as well.

Notation and definitions

A Calabi—Yau threefold is a normal projective threefold X with canonical Goren-
stein singularities, satisfying Kx ~ 0 and H'(X, 0Ox) = 0. These conditions imply in
particular that Pic (X) = H*(X,Z). The nef cone of X is the closed cone generated
by ample classes in Pic(X) @ R = H*(X,R). Faces of this cone correspond in most
cases to contractions on X, for a classification and the Type convention see [17].

The weighted projective space P = P™[wy, ..., wy,]| is the quotient of C""'\{0}
by the C*-action having the given positive integer weights {w;}. It is a normal
projective variety with quotient singularities. It is called well-formed if the great-
est common divisor of every set of n weights is one. A weighted complete intersection
X = X4, 4. C P™uwy,...,wn| is defined by the vanishing of a regular sequence
of homogeneous polynomials fi,..., f. of the appropriate (weighted) degrees. X is
called quasi-smooth if the affine cone CX C C"*! over X is smooth apart from its
vertex. In this case, X is also a normal projective variety with only quotient singu-
larities. X is called well-formed if the ambient space P is well-formed and X does not
contain a ¢ + 1-codimensional singular stratum of P, where c is the codimension of
X in P. If X is well-formed and quasi-smooth then the adjunction formula holds in

the form
Kx~Ox (3 di= Y wy).

For more details on this material, consult Fletcher [6].
Finally, H*(X) and H,(X) denote integer (co)homology modulo torsion.

1. The framework

Assume that Y is a smooth Calabi—Yau threefold containing a surface £ ruled over
a curve C of genus g. Assume that E can be contracted inside Y by a log-extremal
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contraction given by the divisor H € Pic (Y):

PH| - Yy - X
U U
E — C.

By [17,18], C is smooth and the singularities of X along C are generically cA; or
cAy, the latter only occuring under special circumstances.

Let % — S be the the Kuranishi family of Y; by Unobstructedness, the base S is
smooth. Let Sg denote the subspace of S that corresponds to deformation directions
along which E deforms together with the deformation.

In [15], I proved the following theorem.

THEOREM 1-1. Assume that the following conditions are satisfied.
(1) The genus g of C'is at least 2.
(2) Every automorphism of the linear space Picg(Y'), fixing the nef cone of Y and
mapping faces of this cone to other faces of the same type, must be the trivial one.
(3) X has no involutions i with the following property: if j denotes the corresponding
involution on Y, then the fixed locus of the induced map j*: S — S equals Sg.
Then (weak) global Torelli fails for Y: the period map from deformations of Y mod-
ulo isomorphisms to the period domain is of degree at least two onto its image in the
appropriate period domain.

Sketch Proof. The first condition ensures that for a general one-parameter defor-
mation % of Y, a finite positive number of fibres of the ruling E — C deform. These
rational curves can be flopped in the family to obtain a new deformation #* of
Y [15, 1-3]. Fibres Y, , Y," of the two families have isomorphic Hodge structures |10,
4-12-13]. Using the other two assumptions, Y; and Y, are not isomorphic for general
t by [15. 4-2], thus proving the conclusion.

Condition (1) is easy to check in a concrete situation. However, conditions (2)
and (3) are in general harder. They can be conveniently investigated for hypersur-
faces or more generally complete intersections in projective or weighted projective
spaces. On one hand, this condition ensures that the Picard number of Y is two,
which makes condition (2) easy to deal with (cf. Proposition 4-2). On the other hand,
automorphism groups of complete intersections can be computed explicitly (Propo-
sition 4-4).

2. A Riemann—Roch formula

From now on, I make the assumption that the singular Calabi—Yau variety X is
a quasi-smooth well-formed weighted complete intersection

Xay,.de TP [wy, ... W]

of codimension at most four and that the curve C is a curve of cA;-singularities of
X. The latter is equivalent to E being geometrically ruled over C. It follows that
the Picard number of X is one and that X is not factorial but only Q-factorial.
Let D € Weil (X) \ Pic (X) denote the ample Q-Cartier class (unique up to torsion)
which is Cartier away from the singular curve and non-divisible as a Weil divisor.
The aim of this Section is to prove the following Riemann—Roch type expression for
h'(X,nD), the number of sections of the divisorial sheaf Ox (nD) (cf. [12]).
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ProrosiTioN 2-1. The number of sections of the divisorial sheaf O x(nD) is given by
the following formula:

h'(X,nD) = in’D* + Lney(X) - D — inkl (n = 1 mod 2),

where I is an indicator function and, as usual, c2(X) - D is to be calculated on any
resolution (e.q. on'Y).

Proof. As in the previous section, let f: Y — X be the blowup of C on X. Note
that Hy(Y) and H?*(Y) = Pic(Y)/torsion are free rank-two dual Z-modules. Let
H = f*(2D), a primitive (non-divisible) class in H*(Y); let [ be the class of the fibre
of the ruling of E.

Lemma 2-2. 1 is a non-divisible class in Hy(Y'), whereas the class H + E is 2-divisible
in H*(Y).

Proof. Assume that [ = 2f for some f € Hy(Y), then the intersection numbers are
H-f=0,E-f=-1.

Hence f is necessarily primitive, so one can choose a class r € Hy(Y') which together
with f forms a Z-basis of Hy(Y). Let H -r = m, E - r = n, then n is an integer and
m is an odd integer, the latter by Poincaré duality.

The reflexive sheaf Ox (D) is invertible away from C, so there is a Cartier divisor
A on Y with a surjective map of sheaves

[ (Ox(D)) — Oy (4A)
the kernel of which is supported on the exceptional locus. In other words, as Q-Cartier
divisors,
A= f*"D+(E
with 3 rational. Then however H + 23FE is 2-divisible in H*(Y), so
(H+20E)- f=-28¢€2Z
and
(H+2BE)-r=m+20n € 2Z.

But this is a contradiction, for if the first integer is even, the second must be odd as
m is odd. This proves the first statement.

Let now r € Hy(Y) denote a class which, together with [, gives a Z-basis of Hy(Y).
The intersection numbers H -7, E - r must be odd integers by Poincaré duality. But
then the integers (H + E) - I, (H + E) - r are both even and using Poincaré duality
again, the second statement follows.

Lemma 2.3, E - H =kl € Hy(Y,Z) for a positive inleger k.

Proof. By construction, £ and H intersect in a number of fibres. This number is
given by the intersection number (2D) - C on X, positive as D is ample.

Conclusion of the proof of Proposition 2-1. All that remains to do is to copy [12,
9-2]. By Kawamata—Viehweg, h’(X,nD) = x(X,nD) as D is ample. Next, if n is
even then clearly x(X,nD) = x(Y, %nH) and Riemann—Roch for the latter together
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with the obvious D? = %H:*, e2(X)-D = 1co(Y)- H gives the formula. If n is odd, then
by Lemma 2-2, %(E + nH) is Cartier on Y. Moreover, f*@y(é(E +nH)) = Ox(nD)
and R'f.Oy (3(E +nH)) = 0 for i > 0. So by Leray and Riemann-Roch on Y,

X(X,nD) = x (Y, }(E + nH))
= ﬁ(E +nH)® + icz(Y) (B +nH)
= tn*H + LnE* H+ L (E*+26(Y) - E) + Lnes(Y) - H.
This simplifies to the formula in the statement, as
E*=K% =8(1—g)
and using [4, 23],
(V) E = co(B) — E* = 4(1 - g) - 8(1 — g) = 4(g — 1).
The formula can be rewritten in the slightly more attractive form
COROLLARY 2-4.

h"(X,nD) = %(n3 —n)D? + nh"(D) + %nkz[ (n =0mod 2).

3. Classification
The aim of this section is to classify varieties X with the properties stated at the
beginning of Section 2, following Fletcher [6, I11-9].
As explained in detail by Fletcher in [6, III-9], Riemann—Roch formulae can be
used to generate examples of varieties in weighted projective spaces as follows: fix a
set of constants { D?, h"(D), k} and form the power series

P(t)=> h(X,nD)t"

n=0
using the formula. If the triple {D? h°(D), k} comes from a variety
X = th..‘,dc C ]Pm[’ll}(), . ,wm]

then this series equals the Hilbert series of the graded ring

Rp = PT(X,0x(nD)).

n=0

It is well-known that this latter series has the closed form

H§:1<1 — tdi)
HEZ()(l - tm’) .
Conversely, if P(t) can be written in the closed form Px p(t), then the constants
{d;, w;} can be read off and the resulting family of complete intersections may possess
all the required properties.

In the first Appendix, I show that there is a finite set of triples {D? h"(D), k}
satisfying the conditions. Details of the finite search are also in the Appendix; one

PX7D(t) =

obtains a list of possible configurations. An interesting feature of the list is that there
are no codimension four complete intersections at all. Some of these configurations
need to be discarded: the numerical conditions are not sufficient for the existence of
quasi-smooth complete intersections.
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Table 1.
The other

The variety X D’ k 9 x(Y) contraction on Y Jondition (3)
X6 C P27, 3% % 18 28 148 Iiief:]?;lation Y
Xiz CPY1,2% 3,4 ! 3 4 144 TZ\bpé g4tcl)4812n]g y
S
X CPILZ5a L6 7 g el v
XwCPIL2S f 0 a6 s R
X6 C P°[1,2%,3] 3 9 10 120 TZ}f;eCH];;) sing. Y
Xia6 CPYL,2°, 3] 1 12 13 —128 1ZV?)2e;1é tt;“sing_ Y
X2 C PY[17,2%,6] ! B 9 _a52 Tf)é;l;“?tion y
Xs C P17, 27 1 4 3 —168 If)ieil];‘lation y
X. CP[12,24) 3 6 4 132 I(()éef:lf;'fiti()ll y
Xy C P12, 27 2 8 5 112 Iiij?}?tion v

THEOREM 3-1. The complete intersection Calabi—Yau threefolds in codimension at most
SJour, with a smooth curve of cA-singularities of genus at least two and Ox (1) a primitive
Q-Cartier divisor, general in moduli with these properties, are listed in Table 1

Proof. The search detailed in the Appendix gives a ‘raw list’ of possible configura-
tions, some of which need to be discarded as they do not give quasi-smooth varieties.
[6, II1-3-6-7], or analogous methods in the case of codimension three, prove that the
general complete intersection is quasi-smooth for all families listed above.

As the varieties are complete intersections, h'(0x) = 0 and rk Pic (X) = 1. Well-
formedness is easily checked, so adjunction holds and gives Kx ~ 0. All singularities
are quotient singularities; using the techniques discussed in [6, 111-3-19], it is easily
seen that in all cases and on all relevant singular strata they are %(O, 1,1) or cA; along
a smooth curve, the genus g of which is easily computed. The Euler characteristic
of Y is given by x(Y) = x(X) — 3 (g — 1) using additivity of x and x(E) =4 (1 — g).
X(X) can be computed from the formula in [8, section 2].

The entries in the last two columns will be checked in the final section.

Remark 3-2. Most of these varieties have of course occured in the literature be-
fore, although in a non-systematic way (see [4, 8, 17]); and in particular computer-
generated lists such as Klemm’s [9]. The last author ignores the possibility that
one weight w; can actually be larger than a degree d; for codimension two complete
intersections, cf. |6, 111-9-14], so his list is not complete.
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Remark 3-3. In the second Appendix, I make some remarks about non-complete
intersection varieties whose existence is predicted by this method.

Remark 3-4. The clause about the varieties being general in moduli refers to the
following: the method used above, based on the Hilbert series, cannot distinguish
between the varieties Xy C P*[1%,2%] and X, C P%[1% 2% 4] where the quartic
polynomial does not involve the degree four variable. However, a general deformation
of the latter is clearly an octic in P*[1%,2%]. This phenomenon occurs with many of
the varieties above.

Remark 3-5. The method of course supplies an explicit list of complete intersec-
tion Calabi—Yau threefolds in codimension at most four, with a smooth curve of
cA,-singularities of genus zero or one. As these are excluded by Condition (1) of
Theorem 1-1, T omit this list; the interested reader will find it in [16].

4. Contractions and automorphisms

To complete the analysis of the examples, one needs to check conditions (2) and
(3) of Theorem 1-1.

The penultimate column of Table 1 describes geometrically the nef cone of the
smooth model Y which has Picard number 2, so its nef cone has precisely two ex-
tremal faces. One face is of course generated by H. The other face is expected to
correspond to a different contraction: if the face is rational and generated by the nef
(effective) Cartier divisor L, then for large m the morphism g = @|,z: Y — Z maps
Y to a Calabi-Yau Z with canonical singularities or a lower dimensional variety.

The singular X is a subvariety of a weighted projective space IP, which is a toric va-
riety (I use the language of toric varieties |7]). This ambient variety can be partially
resolved by a suitable blowup f: P — P which restricts to the resolution f: Y — X
(cf. [2, 3]). P is also a toric variety and it has a two-dimensional space of curves. So
in the closed cone of curves NE(P), there are two extremal rays. The corresponding
curves are represented by toric strata. Denote by §: P — P the other contraction.
If § contracts a numerical class of curves that is represented in the subvariety Y,
then g = g |y gives the new contraction on Y.

The structure of the toric contraction is described by

TurorEM 4-1 (Reid [11]). Let P be an n-dimensional projective Q-factorial toric va-
riety. Let w be an (n — 1)-dimensional cone in its fan such that the corresponding closed
toric stratum L, gives an extremal ray. Lel w be the intersection w = o, () 0pey of two
different n-cones generated by the primitive vectors {fi,..., fut, {fi,-- s facts fas1}-
Then there is a relation

n+i

Z aifl- =0
=1

with apvy = 1, a, > 0. Assume that a; is negative for 1 < i < 0, zero for 5+1 < i < S and
positive for B+1 < i < n+1, where of course 0 < 6 < B < n—1. There is a contraction
morphism §: P — P contracting precisely those curves which are numerically equivalent
to ly. If § |A: A — B denoles the locus where § is not an isomorphism, then A, B are
irreducible closed strata, A corresponds to the cone spanned by {fi,...,fs}. One has
dimA=n—06and dimB = ( — 6.
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This result can be used to check

PRrROPOSITION 4-2. For every variety in Table 1, the contraction § restricted to 'Y gives
a nontrivial contraction g:Y — Z, with the Type and image variety indicated. In
particular, all the families satisfy condition (2) of Theorem 1-1.

Proof. The proof is a not very difficult if somewhat tedious case-by-case check. I
give the details of the calculation for two cases.

Xe.10 C P?[2*,3,5]. The ambient toric variety P is given in the lattice N = Z* by the
fan spanned by proper subsets of the vectors

€y = (_17 _1> _17 _47 1)3 €1 = (130707010)7 €2 = (0> 1107070)7 €3 = (0707 17()’0)7
er=(0,0,0,1,1), e5=(0,0,0,1,—1).

The partial resolution is obtained by barycentric subdivision using the extra vector

€6 — %(64 + 65) = (070707 170)

The cone w = (epejezey) represents an extremal ray. The relation between the rays
in the star of this cone is —ey + ey +e; +es+e3+5eg = 0. The contraction § contracts
the divisor given by the ray ey to the point (0:0:0:0:0:1) € P5[15, 3], where the latter
is the toric variety spanned by the remaining edges.

The intersection of Y with the exceptional locus of § is a divisor, contracted to a
point, so § restricts as a contraction of Type 11 to the Calabi—Yau hypersurface Y.
The image Z of Y under this contraction is Zs 5 C P?[17, 3], where the degree three
equation does not involve the degree three variable. So Z is singular at the point
(0:0:0:0:0:1) of the weighted projective space.

X, C P12, 2*]. In this case the fan is given by
o= (—1,-2,-2,-2,-2), e =(1,0,0,0,0),..., e =(0,0,0,0,1)

in the lattice N = Z, together with the vertex eg = $(ey +e;) = (0, —1,—1,—1,—1).
The new extremal ray corresponds to the cone w = (e, ez, e3,e4) with relation
e tegtestes+e =0 Nowa =0 and 8 = 1, so the exceptional locus is the
whole P and the image of the contraction is P'. This contraction restricts to the
threefold Y as a K3 fibration over P!.

Remark 4-3. Notice that in two cases, Z is an interesting degeneration of the quin-
tic threefold: the general deformation of the singular varieties Z3 5 C P[1°,3] or
Zy 5 C P*H15,2] is a smooth quintic.

In the final Proposition, I check the last condition of Theorem 1-1.

ProrositioN 4-4. Let X be a general variety of any of the famailies in Table 1, marked
with a tick in the final column. Then condition (3) of Theorem 1-1 is indeed satisfied for

X.

Proof. For the families Xg C P*[12,2%] and X, C P*[1%,2% 6], this was already
proved in [15]. In all the remaining cases, the claim is that for general X, the auto-
morphism group is trivial; this can be checked case-by-case, by explicit calculations.
I do the computation in two of the cases again; the rest is done following a similar
pattern.
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X2 C PH[1,2% 3,4]. After a change of variables, the general equation is

Fy =1+ fylw,yi, 2)t + (21 + folw, 4)2° + fola,9:)z + fra(z,55)) = 0.
Assume that the automorphism o given by
o(x) = fu,
o(j) = Aj + Ba?,
o(2) = vz + Fir + \2®,
o(t) =6t +exz + DS*j + Eijx® + nx*.
fixes the hypersurface X, in question. Then it must fix the singular locus, the general
curve C' = Cy; C P?[1,1,2]. Such a curve has no projective automorphisms, as can
be checked directly, so necessarily A = 1,6 = 1, D = 0. As there is no t* term in Fy,

e =n =0, E = 0. The term having degree zero in ¢ contains no z* term, so F' = 0
and A = 0. Thus, one is left with

o(x) = Pz,
o(y) = §+ Ba?,
o(z) =

o(t) =

On one hand, fi, is really a general sextic polynomial in z* and the y;s, so it has no
automorphisms and hence B = 0, 3* = 1. On the other hand, the 2> term must be
fixed so v* = 1. Finally the general polynomial will contain an zz-term so $y = 1.
So (8,7) = £(1, 1), this latter sign change being part of the C*-action defining the
weighted projective space.

Xy44 CPO[12,2%]. After a change of variables, the equations are
Fy =357 + fa(a) =0

Gy =Y192(Ti5 Y2, - - 5Y5) + 9a(Tis Y2,y - 5Y5) =0
Hy =yiha(wi Y2, - 5ys5) + ha(Ti, Y2, -0 3y5) =0

The singular locus is the general genus five curve Cso» C P* with no projective
automorphisms. So o must act as

o(&) = A7,
o(f) = § + BS*(Z).

However, the fact that the quadratic y; terms are invariant and that y? only appears
in Fy forces o(F,) = Fy and this immediately implies B = 0. Then A must be an
automorphism of the general quartic f; and thus A = £1.

Proof of Theorem 0-1. The period map is finite using the main result of [14] and a
computation identical to that of [15, 2-7]. The degree is at least two by Theorem 1-1
and the results of this section.

Remark 4-5. In the remaining three cases
X CPYLL,2%,7], Xi0 CP[1,2Y,5],  Xgi0 CP[2%,3,5]

the generic automorphism group is (at least) Z/2Z and the corresponding involution
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violates condition (3) of Theorem 1-1. This was checked in one case in [15, 2-4]; the
other two cases behave in the same way. In particular, these families do not provide
counterexamples to weak global Torelli.

Appendices
The search
The task is to find triples {D? h°(D), k} such that the power series
P(t) =Y h(X,nD)t"

n=0

formed using the Dimension Formula (2-4) gives the closed Hilbert function

[T (1= t*)
L=y (1 —t0)
of the graded ring of a complete intersection variety X = Xy, . 4. CP"|wy,. .., wy]
of dimension three. Denote d = D?, h = h’(D).
The basic recursive method is the following (cf. [6, 111-9-3]):

P(t) =

(i) fix a triple {d, h, k} and form the power series P(t);
(ii) find the smallest nonzero non-constant term n,t" of P(t);

(iii) assume that n, is positive; then n, of the weights on the weighted projective
space must be r. Add these to the list of w;-s, multiply P(t) by (1—t")"" and go
back to the second step, unless the number of weights exceeds eight, in which
case stop;

(iv) suppose that n, is negative. Then there must be | n, | relations of degree r
among the relations defining X. Add these to the list of d;s, multiply the
power series by (1 —t")"" again and go back to the second step unless either
the power series becomes 1, or the number of relations exceeds four, in which
cases stop.

The procedure either stops after producing at most eight weights and four less re-
lations, in which case one obtains a family of varieties that must be investigated
further, or else there are too many weights or relations. In the latter case the triple
is discarded.

LevyMA. There are only finitely many triples {d, h, k} that need to be considered.

Proof. The codimension of X is assumed to be at most four, so there are no more
than eight weights, and it is easily seen that at least two of them must be different
from one. So h < 6.

The formula for h(2D) shows that | = 4d and m = ik-kd must be positive integers.
The coefficient of t* in (1 —t)"P(t) is :fh — h% +m and there are two cases: either this
coefficient is negative, which gives an upper bound for m immediately, or it is non-
negative in which case it gives the number of twos among the weights, so necessarily
h+ (gh —h*+m) < 8 and this is an upper bound for m. Finally k as positive, [ < 4m.
Consequently there are finitely many possible possible triples {l, h,m} and so finitely
many possible triples {d, h, k}.



Calabi—Yaw threefolds 203

Based on this result and the particular numerical values, a short computer pro-
gram produces the results discussed in Section 3. The interested reader can find the
code of the program in [16].

Non-complele intersection varieties

The Hilbert series P(t) gives information about non-complete intersection vari-
eties as well, this is discussed in detail in [1]. Choosing integers w; in a suitable
way, the polynomial ] (1 — t“#)P(t) gives the degrees of the defining equations
and the higher syzygies of such X C P™[w,..., wy], necessarily of codimension
at least three. (The varieties studied here are automatically projectively Gorenstein
and projectively Cohen—Macaulay, so if they have codimension at most two then they
are complete intersections.) The search gives a finite list of these varieties for fixed
codimension; the list below gives all codimension three candidates, with the degrees
of the defining equations indicated. (There is a large number of codimension four

candidates.)

The variety X d i
X 55,6606 CPO[17,27,37] 3 9
Xas566 CPO[1%,24)3] z 5
X5 CPO13,24] 13 3

A simple condition for existence is to use the Cohen—Macaulay assumption and ‘cut
the varieties by four hyperplanes’, i.e. to find a product H?:(,(l —t"9:) P(t) which is a
polynomial with positive coefficients, giving the Hilbert series of a finite-dimensional
Artinian ring. This property can easily be checked in the above cases. It would be of
some interest to see whether the methods developed by Reid-Altinok (cf. [1]), can

be used to establish the existence of these varieties.
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