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1 Introduction
Let U be an open subset of R, a € U and f : U — R. When the limit in the definition exists, we define the

deriative of f at a by
df . fla+A)— f(a)
A e S

This can be generalized in various ways.

e Again let U be an open subset of R, a € U and now f : U — R™. For each i = 1,2, --- n, the
projections (co-ordinates) p; : R” — R,

Di = Gy,

are linear and continuous. If f; = p; o f then
fi(u)
flu) = :
fn(w)
We define the derivative of f at a by a similar formula

df 1

() = Jim < (f(a+2) - (@)
which yields
dfi
ﬂ B da:.(a)
dr (a) = y :
G (a)

in terms of the components of f, because the p; are both continuous and linear.
1

In this case the derivative is vector-valued. The map gives a path and the derivative at a is the tangent
vector to the path at the point f(a).

ITo see this: p; (lima o £ (f(a+A) — f(a)) = lima_ops (£ (f(a+A) — f(a)) = limao % (s © f(a+A) - p; o f(a))
the first equality follows because p; is continuous and the second because p; is linear.



e Suppose now that U is an open subset of R¥ and f : U — R. Here we can define directional derivatives.

Let a € U and v € R¥. The directional derivative of f at a in direction v is given by

L St t) (o)
t—0 t

This is the derivative of the function ¢ — f(a +tv) at t = 0.

e Special cases are the partial derivatives. Let

0
ei=| 1 [=(---1---0)7,
)
where 1 is in the i** position. We write
te;) —
OF 4y oy 10+ 100 = 1(0)
ox; t—0 t

the directional derivative in the coordinate direction e;. You will probably already have seen this
expressed in the coordinate notation:

of
axi

_t~>0t

@=tm2(f| ai+t 7| a |

There is a more general notion relating these various derivatives with a more economical notation in
which to calculate. In order to understand this new idea we will rework some of the definitions just given
above.

d
Let U CR be an open set,a € U and f: U — R. We let [ = é(a) and then

fla+A)— fla) =LA

ilino A =9,
that is,
fla+A) = fla) = 1A =o(A),
or

fla+A) = fla) +IA 4 o(A).

2 This short Taylor expansion suggests a way of making sense of a derivative in the more general situation
where U is an open subset of R¥, ¢ € U and f : U — R", multiple dimensions in both the domain and

2Recall that we say g(A) = o(||A]]) if lima_.q ”Eﬁ(AA”)H —0.
Another way of putting this is to write h(A) = —"7‘(3) and then g(A) = [|A||h(A) with lima_,¢ h(A) = 0.



range of the function f. The idea is that the total derivative is the best linear approximation to the map
A fla+ A) — f(a). Tt is a linear map L : R¥ — R” satisfying

i Jat8) — f(@) - L)
A% Al

:O,

or writing this as a short Taylor expansion,

fla+A) = fla) + L(A) + o[|A])-

To understand this properly we need to make sense of the symbol ||A|| which has been used to mean the
‘size’ of A.

Definition 1 Let V' be a real vector space. A function || || : V — [0,00) is a norm if:
(i) ||vll =0 if and only if v =0;
(i) |lev|| = |c|||v|| for any c € R, and v € V;
(#i3) ||v1 + ve|| < ||vill + ||vzll, for any v1, va € V' (sub-additivity property).
Examples:
1. On R or C, the absolute value is a norm.
2. On R", we define the FEuclidean norm, by

vy
folla=11{ + |ll2=/vi+-+0v2

Un

The proof of the sub-additivity property follows from the Cauchy-Schwarz inequality: |v.w| < ||v||||w]].

Jor + 023 = (01 +v2).(v1 +v2)

V1.1 + V1.V2 + V2.1 + V2.V2

o113 + llvrll2llvallz + [[vzll2llv1 ]2 + llv2ll5
(lorll2 + [[v2l[2)?,

A

that is, |lv1 +vall2 < [lv1]l2 + [[va][2-

3. If V is an abstract n-dimensional vector space with basis eq,es,...,e,, we can define:

n
loll = 1 viesll = \fo +-- + 02,
i=1

This norm depends on the basis.

4. On R™ there are a number of natural norms, for example, the ‘sup’ norm, usually denoted || ||oo, is
defined by
U1
Il ¢ | llee= sup [uil.
i<

1<i<n
Un



5. On M, xx(R), the vector space of real n x k matrices, there are a number of norms available but for
these lectures we will use the Euclidean norm: for A = (a;;) we take

1
2

n k
1A= >_ ai

i=1 j=1

For this norm and A € M, «xx(R), B € Mx;(R), we have

IAB]| < [[Al[| B]]
(see Problem Sheet 1).
Definition 2 Let V' be a real vector space, then norms || || and | | are equivalent if there exist constants
K > C > 0 such that
Clhir<1 <Kl

equivalently,
1 1
==l iI=<=ll
K C

It is easy to check that this condition gives an equivalence relation on the set of norms on V.
Theorem 1 All norms on a finite dimensional vector space are equivalent.

Proof:(Not examinable) Suppose that | ||, and || ||, are norms on a finite dimensional space V. Let
€1,€2,...,ey be a basis for V and define norm || |2 by

n
lolle = 13 viedlla = /o7 +---02
n=1

Let S = {v € V : ||v|]]2 = 1}. Then S is a closed, bounded subset of V' where bounded, closed and (later)
continuous are all defined in terms of the norm || ||. Then

||U161 +--+ UnenHa
lvilllexlla + -+ + |vnlllenlla
(Jor] + -+ |vnl) SUP1<i<n leilla

\/ﬁ\/msuplﬁign ||€1 Ha

by Cauchy-Schwarz inequality. Put K = \/nsup;<;<, [leilla and then [[v, < K||v][2.
Note |[|v]lq = [[w]la] < [[v — w|la € K||v — w]||2 so that the function || ||, is continuous on V. Restrict

I o to S. Then || ||, achieves its infimum at some so € S, that is, ||solla < [|$|la if ||l = 1. Ifv € V,

[v]la

INIANIA

v v ) .
v # 0, then —”UH € S and ||sglla < ||—HU|| la. Hence ||so|lallv]l2 < ||v]|a- Putting C = ||sol|a gives
2 2

Cllvlls < flvlla < Kljvll2-

Thus || |4 is equivalent to || ||2. Similarly, | ||, is equivalent to || |2 and hence || ||, and || ||, are
equivalent norms.

Corollary: In finite dimensional real vector spaces, open sets, bounded sets and continuity
are independent of the norm used to define them.



2 The Total Derivative

Definition 3 Let V and W be finite dimensional real vector spaces. Let U be an open subset of V, a € U
and f: U — W. The total derivative of f at a (when it exists) is a linear map L :V — W such that

Lo Jat 8) — fla) — 1(8)
A% A

=0,
that is,
fla+A) = f(a) = L(A) = o(||A]])-

[Remember that on a finite dimensional space the property of a function being o(||A||) does not depend
on the norm chosen.]
The total derivative of f at a, when it exists, will be denoted by D f,. Thus

fla+A) = f(a) + Dfa(A) + o(||A]]).
[In some texts this is called the differential of f at a and written as df, or df(a).]

What is the relationship between the total derivative and the directional derivatives?

If v € V, v # 0, then putting A = t.v we have from the definitions

(i) the directional derivative of f at a in the direction v is given by

o fa+t0) — f(a)

t—0 t !

(ii) the total derivative satisfies

i F@ ) = f(a) = Dfa(t0)

=0.
tv—0 ||t1}||
We rewrite this expression for the total derivative as
oy L@ 10) = F@) D) ¢
= t ol

= L Hence
llvll

o Fa - t0) — £ (@)
t

t—0

—Df,(v) =0,
because ||v|| # 0 and so D f,(v) is equal to the directional derivative at a in the direction v.

Beware: There are examples where the total derivative fails to exist at a point even though all directional
derivatives exist.

Next we find a matrix representation for Df,. Let e1,...,ex be a basis for V and éy,...,é, be a basis
for W. Then, by our calculation above, Df,(e;) = 2—f(a). Further, the function f has n components:
J

ﬂw=ZﬁW@



where each f; : U — R,
fi
i~
fn
3f1 .
Dfales) Z ('h ‘
J

Definition 4 In terms of the given bases, the matrix corresponding to the total derivative D f, is

Hence

lé) lé)
Tﬁ(a) T Bwkf(la)
9t 0t
(@) - 52 (a)

more briefly,

Ofi
<5$J‘) ’

The Jacobian matrix corresponding to a real valued function f : U — R is a row vector. It is known as the
gradient of f at a and denoted by grad f(a):

known as the Jacobian matrix.

P )
grad f(0) = (5-(a). -+ L)),
and
af af . Eoaf
phw) = L@ Ly | o | =S ugl@
1 o i1 1
Examples

(i) Let f:RF — R™ be a linear map. Then
fla+A) = fla)+ f(A)+0

Hence Df, = f as we would expect. (We will often use the fact that the total derivative of an identity
map on a vector space is the same identity map.)

(ii) Let s : R¥ — R be the length squared of a vector, defined using the dot product: s(v) = v.v = vTv for
v € R¥, Then s(a+A) = (a+A).(a+A)=(a+A)T(a+A)=aTa+ATa+a"A+ ATA. But note
ATA = ||Al|? = o||Al|. Hence

Dsyu(A) = ATa+a"A =2A"a = 2A.a.

Alternatively, s(Z) = Zf L 22, So grad s(%) = (2z1, ..., 2xk). Then Ds,(v) = grad s(a).v = Zle 2a;v; = 2a.x.

Occasionally, it is difficult to identify the linear term even though you know it exists. There is a
trick: simply calculate the directional derivatives by substituting tv for A and read off the coefficient
of the first power of t. Thus s(a + tv) = (a + tv)T(a + tv) = a’a + t(a”v + vTa) + t?>vTv. Thus
Ds,(v) = aTv+vTa = 2atv.



(iii)

(iv)

(vi)

Let p : R® x R® — R be given by p(v,w) = v.w = vTw, so the function p is the dot product. Here

A € R™ x R™ has two components: A = (Aq,Az) and (v,w) + (A1,A2) = (v+ A1, w + Ag). Also
A2 = [I(A1, M) |2 = [|Ax]* + [| A .

Then p(U + Al,w + Ag) = (1} + Al)(w + Ag) =v.w + Al.w + U.AQ + Al.AQ.
Now A1.Ag = o||A]) because [A1.As| < | Aq[[|Az]] < [JA|J2. Thus

Dp(v,w) (Ah A2) = Al.w + U.AQ.

Let f: Mpyn(R) — M, x,(R) given by f(X) = X2
Then (A+ A)? = A% + AA + AA + A and | A%]] < [|A]> = o(|A])). Hence Dfa(A) = AA + AA.

2

NOTE: The Jacobian matrix for this example is a n? x n? matrix.

We try the directional derivative trick on this example:

fA+1A) = f(A) + Dfa(tA) + o([[LA]]).

If we fix A then a function of order o(||tA||) is of order o(]¢]) so
F(A+1A) = f(a) + tDfa(A) + o(t]).

Using the linearity of D f4 we identify the derivative as the coefficient of t. So f(A+tA) = (A+tA)% =
A% +t(AA + AA) + t2A? and we deduce that Dfa(A) = AA + AA.

Let f : U — C be a holomorphic function defined on a domain U in the complex plane. Then the
definition for the complex derivative gives

i F48) = f@) _df

A% A “ g @=0

Here A € C. We can write this expression as

_ fla+A) = fa) - $(a)A
lim
A—0 A

=0.

Thus Df,(A) = j—z(a)A, the product being multiplication of complex numbers.

If we identify C with R? by z = z + iy < ( z ), then f(x + iy) = u(x,y) + iv(x,y), flx +1iy) <
u(z,y)
(v ) e
ou ou
os (@) Gy (a)
Dle ( 20 2 >

The Cauchy-Riemann equations tell us that this matrix has the form ( C_ d Zl >

The total derivative of the determinant det : M,,«,(R) — R is an interesting and important example
(explored further on Sheet 1).

The vector space M, x,(R) has a canonical basis: E;;, 1 <1, j < n, where E;; is the n x n matrix with
1 in the 5" entry and 0 in all other entries. We calculate the gradient of det with respect to this basis.



The matrix X = (.’L‘ij) = Z?:l Z?:l {,EijEij.
Using Lagrange’s formula for calculating the determinant and expanding along the i** row we get

n

det ((zi;)) = Z(*l)iJrjiEinij,

j=1

where X;; is the determinant of the (n— 1) x (n— 1) matrix formed from X by deleting the i*" row and
the j** column. The coordinate functions x;; are independent variables (in fact, linearly independent
functionals on M,,«,,(R)) so
0

——det ((z;;)) = (1) X

5o det () = (1) X,
found by expanding along the k' row. The matrix with (—1)”le-]- in the ij*" entry is called the
matrix of cofactors which we denote by cofac (X). According to our conventions, the gradient should
be written as a row vector, but if we arrange the components into a matrix the gradient becomes the
matrix, cofac (X).

Recall the formula for inverting an invertible matrix X:

1
Xt = X (cofac X)T .

On the problem sheet you are led through a calculation of D detx(A) when X is invertible. You should
keep in mind that this is an approximation for det(X + A) — det(X).

Aside: A point to remember when considering matrices is that if we forget that A = (a;;) and B = (b;5)
are matrices, regard them as vectors taking their dot product, then

n k
AB = Z Z a,;jb,;j = A.B = trace ATB

i=1 j=1

Then D dety(A) = grad det(X).A = cofacX.A = trace(cofacX )T A.



Properties of Total Derivatives

. By definition, the total derivative of a map f at a point a is a linear map:
Dfa(vl + UQ) = Dfa(vl) + Dfa(UQ) and Dfa(CU) - CDfa(v)a c € Rand v, V1,02 € R.

. The correspondence, f — Df, of a map to its total derivative is linear:
D(cf)a = cD(f)a and D(f + g)a = D(f)a + D(9)a
. Chain Rule D(go f)s = D(g) () © D(f)a-

Theorem 2 Let V,W and Z be a finite dimensional vector spaces, Uy CV and Uy C W open subsets,
aeU, f:U - W and g:Us — Z such that f(Uy) C Us:

N A
If Dfoy and Dgyg(q) exist, then so does D(go f), with D(go f)a = D(g)¢(a) © D fa.

Proof:(Not examinable)

We start with
fla+A) = f(a) + Dfa(A) + [[Allhs(A)

where hf(A) — 0 as A — 0 and
9(f(a) +A) = g(f(a) + Dgsa) (D) + [A]| g (A).

where h,(A) — 0 as A — 0. But

9(fla+A)) = g(f(a) + Dfa(A) + [|A]2f(A)).
Take A = Df,(A) +||A]|hs(A) and note

1A < DSl A+ Al (A
= APl + 1hg (A1)

and so A — 0 as A — 0. Next

g(fla+A) = g(fla)+A) o
= g(f(a)) + Dgsa)(A) + [[Allhg(A),
and ~
Dgypay(A) = Dgypay(Dfa(A) + [|AllRg(A))

= Dgsa)(Dfa(A)) + Dgsa) (1A (A)).

We write this as
g(fla+A)) =g(f(a)) + Dggay o Dfa(D) + I + L.

where It = Dgy (o) (||Allhy(A)) and I = [|A[hy(A).
We need to show that Iy + Iz = o(]|A|]):
(a) Iy = |A|Dgg(a)(h(A)) so | L]l < |A[H[Dgsea) g (D) = o[ All);
(b) 2l < [[AI(IDfall + 1hs (A)]) [[Rg(A)]] = o([|All) because hy(A) — 0 as A — 0 and A — 0 as

A — 0.



This completes proof that D(g o f)a = Dgg(a) © D fa-

Notice that when multiplying Jacobian matrices, the (i, )" component comes from the dot product
of a row and column:

of1
sz
o(giof) _ d9: ... 9gi
8%_7‘ (9f1 ) ) (9fm 8f
BzZL

m  9g; Of
ZkZl Q?k W’;’
the form of the chain rule with which you are already familiar.

Corollary: D(f~") ) = (Dfa) "

Proof: f~'o f =1I. Thus Df;((ll) o Df, = I because the derivative of the (linear) identity map is the
same (linear)identity map.

Example Let F : (0,00) x (0,27) — R2\ (0,00) be given by
_( x(r,0) \ _ [ rcosf
F(r,0) = ( y(r,0) ) o ( rsin 6 )

It is easy to calculate DF and then use it to calculate D(F~!) because D(F~ V) p(r0) = (DF(T’Q)T)il

cos) —rsinf

The Jacobian matrix for DF, gyr is < sinf  rcosd

i L rcosf rsinf
r\ —sinf cosf '

. We see from the chain rule formula that if p : (¢,d) — U C R¥ is a differentiable path and f : U — R"
Ph(to)
has total derivative D f then p/(to) = | is the tangent to the path at p(to) and (f op)'(to) =

Pj(to)
D fp(0) (' (t0)). So D fp¢,) maps the tangent vector to the path p at p(to) to the tangent vector to the

path fopat f(p(to)).

Existence of total derivatives.

). Thus the Jacobian matrix of D(F~1)p(.g)

Theorem 3 Let U C RF be open and f : U — R™ be such that all partial derivatives af ..,387]; are

continuous on U. Then Df, exists for all a € U and a — Df, : U — Lin(R* R") %“ M,k (R) is

continuous.

Proof: We will restrict ourselves to proving the case when n = 1, but the general case follows from
this.
Let eq, ..., e; be the standard basis for R* and then for a € U,
k
fla+A)—=fla) = fla+ Zizl Aje;)

fla+ S0 Aver) — fla+ S0 Ae )
+ (a+2’“ 1Azei>— fla+ 30 2A

+ f(aJrAlel) f(a)
Ba: (cn)A + 81 (cn—l)An—l + -+ %(Cl)AI

10



where each ¢, lies on the line joining a + Y .,_; Aje; and a + Z::ll Aje;.

Thus
flatd) = fl@) = 2 (a)An+ 32 (@)Au_1+-+ 2 (a)A
(2 (en) = 2o(@) An o+ (2 (e) - @) Ay

= grad f(a)A +o([|A]).
Hence Df, exists and equals grad f(a).

Example: The total derivative does not exists in the following example.

2
Let f(z,y) = xfi_:lyz when (z,y) # (0,0) and take the value 0 at (0,0). Let v = (h, k) and calculate
the directional derivative in the direction u,
fO+tu)— f(0) 1 3hr%k h2k h?
e = _— —
t tt4ht +t2k2 2Rt + K2k

if & # 0, and the fraction vanishes if £ = 0. But if D f(y0)(u) were to exist then it would depend
linearly on (h, k) and hence must be of the form ah + bk for some a,b € R. It follows that although all
directional derivatives exist at (0,0), the total derivative does not.

. Second Derivatives

Now suppose that V and W are a finite dimensional vector spaces, U C V is open and f : U — W is
such that Df, exists for all a € U. Then Df : U — L(V,W), which is also a finite dimensional space.
We consider the second derivative D(DF),.

If u,v € V then D(Df)y(u) € L(V,W) and (D(Df)q(u)(v) € W.
If V=RFand W = R" then D(Df),(e;) = 225 (a) and

ox;
DO a(ees) = X202 0y ey

This this equals 8328’;' and we have the following result.
7,075

2 2
Theorem 4 If af_aj; and 89?-8fm are continuous on U then
i J 7 i

o2 f 82 f

8:61-8;10]- o axjaml '

The map (ug,u2) — D(Df),(u1)(usz) is a symmetric bilinear form (known as the hession of the map
f at a).

Proof: For simplicity we suppose that U C R? and f : U — R. (The case f : U — R" is deduced
from this case.)

Consider a rectangle:

(0, As) (A1, Ag)

11



Let I(Al, AQ) = f(Ah Ag) — f(Al, 0) - f(O, AQ) + f(O, 0)
(a) Put g(A1) = f(A1,A2) — f(A1,0). Then g(A;1) — g(0) = ¢'(c1)A; where ¢; lies between A; and
0. Further,

§(e)Ay = (Sfl(chm _ gjl(chm) A = (a‘; gfl (cm)Az) AL,

for some cs lying between Ay and 0.
Note that

9(A1) = g(0) = f(A1, Az) = f(A1,0) = f(0,A2) + f(0,0) = I(Ay, Az).
(b) Now put h(As) = f(Ar, Ag) — £(0, Az). Then
h(As) — h(0) = B/ (da) As
for some dy between 0 and A,, and

of or

o o of
K (ds) = (8&72 (Bryda) = 5 (o,dg)) Ay =

axl a (dladQ)AQAlv

for some d; between A; and 0.

Note
h(Az) — h(0) = f(A1,Ag) — f(0,A2) — f(A1,0) + f(0,0) = I(Ay1, As).
Thus I(ﬁf’fj) = E)f;gxl (c1,¢2) = 8:1:26:1 (dy,d).

Ab A1 — 0 and Ag —0,cy —0and cg — 0, d; — 0 and ds — 0. So %(61,62) — 8126901 (0,0),
(0,0). Therefore,

Bazzazl (dl’dQ) BLE aac

0% f ot f
0 0,0
Bxgaxl( ’ ) 89528:51( ’ )
as required.
Example: Let
2 2
1 — $2
f($17$2) L1255 %_'_

with £(0,0) = 0. Then 524-(0,0) =1 and 52£-(0,0) = —

HINT: Show first that g—xfz(Ah 0) = A; and then use the skew symmetry of f.

7. Mean Value Theorem When the target or image space has dimension greater than 1 we do not
have a Mean Value Theorem as seen in the Moderations syllabus:

Theorem 5 (Mean Value Theorem) : Let f : [a,b] — R be continuous and such that f'(x) exists
for all x € (a,b). Then there exists ¢ € (a,b) such that f(b) — f(a) = f'(c)(b—a).

It follows from this result that if the image space is of dimension greater than one :

12



: e —a)

for f:[a,b] = R"and f = | : , f(b)—f(a) = : ) for various points ¢y, ¢a, ..., ¢, €
. file) b~ a)

(a,b). From this we conclude || f(b) — f(a)|| < v/nsup.ejq |Dfe(b—a).

However, we can get a better estimate if we use integration. We use,

F(b) — f(a) = g(1) — g(0) = / g,

where g(t) = f(a +t(b— a)).

Hence,

170) \|</ lg' @ dt < sup [ Df.llb—al.

z€la,b

This argument works for any norm and we fill in details for the Euclidean norm the end of the chapter.
The proof is not examinable but the fact

1£ () = fla) < sup [[Dfec||b—al

c€la,b]

is very useful.

For the case where f : U C R* — R is differentiable and a,b € U are such that a + tb € U for all
t € [0,1] then putting g(¢t) = f(a + t(b — a)) we have g(1) — g(0) = ¢'(t0)(1 — 0) for some ty € (0,1),
that is,

f(0) = f(a) = Dfateos(b— a) = grad fa +to(b — a))(b— a),

(matrix multiplication of a row vector and a column vector. This can be written as

k

F(b) = f(a) = grad (f)(c)(b — a) Z

i)a

where c lies on the line segment joining a and b.

These weaker results are sufficient for our purposes and we will refer to them weak versions of the
Mean Value Theorem.

Theorem 6 Let U CR", V CR™ and let f: U — V be continuously differentiable. Let a,b € U be such
that a +t(b—a) € U for allt € [0,1]. Then

1£() = f(a)l < sup [IDfasto-a)llllb—all

t€[0,1]

Proof:(not examinable) Let g(t) = f(a 4+ t(b— a)). Then ¢'(t) = Dgt D fott(b—a)(b—a).

The function g has m components g = (g1,92,--.,gm)’ and fo t) dt means the vector

T

(/Olgi(t)dt,/olgé(t)dt,...,/Olg;n(t)dt> cR™.

Then



Now

1o g/®yael? = S f

< ZZ 1 Jo |gz( )|2dt by the Cauchy-Schwartz inequality

- Hlotpa

< supyepo 9" @)l

= (suprepo) g’ (1)

Thus
[ g < s 50 = 500 1DSossama® = Ol < 51 Dl 0=l
telo, te[0,1] tef0,1]

A more intuitive proof of

1 [ s1< [
which applies for any norm goes as follows.
A continuous function f can be approximated uniformly closely by (vector-valued) step functions. So it

is enough to prove
H / (1)t < / (e

for k = ZT CZX[ where the I; are disjoint intervals. Then fab k(t)dt = > ¢;length(I;) and || f: k(t)dt| <
> e length(I; f |I£(¢)]|dt by the subadditivity of the norm.
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4 Introduction to the Inverse Function Theorem and the Implicit
Function Theorem

Consider
St ={(z,y) e R*: 2? +y* =1}.

At a point (zg,y0) such that 22 + y3 = 1 and yo # 0, there is a function y(x) defined near zo for which
y(zo) = yo and 22 + y(x)? = 1, namely y(z) = V1 — 22 if yo > 0 or y(x) = —v/1 — 22 if yo < 0. However,
if yo = 0 so that zo = £1, we cannot define such a function on any open subset of R containing zy. We can
only say that locally when ||z|| < 1 the function y(z) is determined implicitly as a function of x.

The Implicit Function Theorem describes conditions under which certain variables can be written as
functions of the others.

Definition 5 Let U C RF, V C R". A function f : U — V is a homeomorphism if
(i) f is a bijection;
(ii) both f:U —V and f~1:V — U are continuous.

Definition 6 Let U and V be open subsets of R™. A function f:U — V is a diffeomorphism if
(i) f is a homeomorphism;

(ii) both f and f=1 are continuously differentiable.

In these lectures we deduce the Implicit Function Theorem from the Inverse Function Theorem. The proof
of the Inverse Function Theorem is not examinable (but we give a proof in an appendix at the end of these
notes). The proof is quite technical but the statement of the tearem is clear and it is easy to gain some
appreciation of the ideas involved in the proof.

Theorem 7 (Inverse Function Theorem) Let U be an open subset of R”, a € U and f : U — R"™ be a
continuously differentiable function such that Df, : R™ — R™ is an isomorphism. Then there exists an open
set V. C U with a € V such that f(V') is an open subset of R™ and f : V — f(V) is a diffeomorphism.

The proof of the Inverse Function Theorem is not examinable but is included in an appendix
at the end of these notes.

To illustrate the local nature of this theorem, consider

f:C\{0} — C\ {0}

given by f(z) = z2. Then Df,(z) = 2az, complex multiplication of the two complex numbers 2a and z, and
Df, is invertible if a # 0. The mapping f is not one-to-one. In fact, it is a two-to-one mapping which is
locally one-to-one: if a € C\ {0} and V = {z € C\ {0} : |argz — arga| < m/2}, then f|y is one-to-one with
a branch of z — /z as inverse.

We now move to the Implicit Function Theorem. To gain some appreciation of the statement we first
examine the case when the map is linear.

Suppose that linear L : R*** — R™ has rank n. Then L~!(0) = ker L has dimension k. If L(a) = b then
L71(b) = a + ker L is a translation of a k-dimensional vector space (an affine space).
Suppose that
i o b [ lingr o0 lingk
L~ Co : = (L'|L"),

lnl e lnn lnn+1 e lnn+k
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where L’ is an n X n matrix and L” is an n x k matrix. We assume that the first block L’ is invertible.

Let
x1

;”" ( i > € L7(b).

Tn41

[
I
I

Ttk

!
wien () =

that is, L's’ + L"z"” = b, L'y’ = b— L"z"”. Thus

Then

2 = (L/)*l (b _ L":E”) )

T
In this formula where L(x) = b, the first n components | : are determined by (or a function of)
Ty
Tnt1
the last & components . Thus
Ltk

= (%),

The Implicit Function Theorem extends this result to a non-linear setting.
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Theorem 8 (Implicit Function Theorem) Let U be an open subset of R"* a € U, f: U — R" a
continuously differentiable function, f(a) = b and Df, of rank n. Suppose that the Jacobian matrix has the
form

o) ) ) )
L@ - fh(a) 2(a) - F2(a)
éfn ‘afn ' Ofn . Ofn
aTCl(a) Y B (a) i1 (a) U Bzgn (a)
where the first n columns are linearly independent. Then if
ay
a=|
An 41
An+k
Ap41
there exists an open set V. C R* containing and continuously differentiable function g:V — R™
Up+4k
such that
An+1 ay
g =
An+k Qn
and
g(v
(27)-
forallveV.

Further the map v +— ( g(v) > is a differentiable homeomorphism from the open set V' onto an open

subset of f=1(b). Thus v — ( Z(U) ) parametrises a neighbourhood in f~1(b) of the point a.

(Near a, f~1(b) ‘looks like’ the graph of a function.)

We have stated the theorem for the case when the first n columns are linearly independent. Of course,
similar results hold when any n of the columns are linearly independent. Then the variables corre-
sponding to the chosen set of linearly independent columns can be written as functions of the
complementary set of variables. We illustrate this in the following example.

Example Show that near z = 0, y = 0, 2(0,0) = 1 there exists a continuously differentiable function
(x,y) — z(x,y) such that 2% + y? + 22 = 1.
x
Consider the function f [ y | =2?+y*+2%>—1. Then D f(x,y, 2)" = grad (z,y,2)" = (22, 2y,22). So
z
grad (0,0,1)T = (0,0,2) # 0. The third component does not vanish and so near (z,y) = (0,0), according to
the Implicit Function Theorem, we can write z as a function of z and y. In fact, z(z,y) = /1 — 22 — y2.

Example Can the ‘surface’ given by the equation xy — zlogy + €** = 1 be represented in either of the
forms z = f(z,y) or y = g(x, z) in a neighbourhood of (0,1,1)?

17



Let h(x,y,2z) = ay — zlogy + € — 1. To answer the question we need to calculate the grad h(0,1,1)
(writing vectors as row vectors for convenience because there is no danger of confusion). Now

grad h(z,y, z) = (y + ze*%, 2 — E, —logy + xe™?)
Yy

which equals (2, —1,0) at the point (0,1,1). The Implicit Function Theorem tells us that near (0,1, 1) the
‘surface’ can be written in the form y = g(z, z) because the second component of the gradient is —1 and not
0, but it does not tell us that it can be written in the form z = f(z,y) because the third component is 0.
In fact, if such a differentiable function f were to exist then zy — f(z,y)logy +e*/(®¥) —1 = 0. Taking the
partial derivative with respect to the z-variable we get y — fo(x,y)logy + (f(z,y) + zfe(z,y))e*/ @¥) = 0;
evaluating at (0,1, 1) and noting that we must have f(0,1) = 1, we get a contradiction.

18



5 The Implicit Function Theorem and Applications

Example Let f(z,y,2) = zy — ylog z + sin zz and note that f(0,2,1) = 0. We consider the ‘surface’ given
by f(x,y,z) = 0 and wish to show that it can be represented (locally, near (0,2,1)) as the graph of a function
z = z(x,y).

Note that grad f(x,y,2) = (y + zcoszz,x —log z, =% + x cos 2z) and so grad f(0,2,1) = (3,0, -2).

The third component is non-zero and hence, by the Implicit Function Theorem, there exists a differen-
tiable real-valued function z(x,y) defined on an open neighbourhood of (0, 2) such that (z,y) — (x,y, z(x,y))

which parametrizes the ‘surface’ near (0,2,1)). [We define surfaces properly next lecture.]

Example The point (1,—1,1) lies on the ‘surfaces’ given by x®(y® + 23) = 0 and (v — y)® — 2% = 7.
We will show that that, in a neighbourhood of this point, the curve of intersection of these surfaces can be
described by a set of equations of the form y = y(x) and z = z(z).

In fact, this question can be done ‘by hand’. On the surface and near x =1, 43 + 23 = 0 and so z = —y.
Hence (z —y)® — y? = 7. Thus 2® + (3z — 1)y? — 32?2y + 23 — 7 = 0 and then we apply the formula for the
root of a cubic to find y(z) and hence z(x).

However, existence can be established using the Implicit Function Theorem:

(3)- (L)

; T—y) -2 —

Df (323 (yP + 2?) 3z3y? 31322
AN 3x—y)? =3x-y? -2z )°
Y
z

0 3 3
Di/ —(12 12 —2)'
-1

3 3

det 19 9

‘42#0.

Hence, there exist continuously differentiable real-valued y(x) and z(z) defined in an open neighbourhood

T 1
of 1 such that y(1) = —1, 2(1) =1 and | y(z) | parametrizes part of the curve near | —1
z(x) 1
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In order to be more economical in the following statement and proof, we will use z’ to indicate the first
n components and z’’ the last k components of a vector x with n + k& components.

Theorem 9 (Implicit Function Theorem) Let U be an open subset of R"% a c U, and f: U — R" a

continuously differentiable function with f(a) = b and such that Df, has rank n. Assume for convenience

that the first n columns of the Jacobian matrix at a are linearly independent. Then there exists an open

set V.C R¥ with a” € V and a continuously differentiable function g : V. — R™ such that g(a") = o,
1 2

f < iff” ) > = b and the map 2" — ( g(;/) ) maps V. homeomorphically onto an open subset of f~1(b)

containing a.

Proof [Not examinable]

/
We define F : U — R"** by F( i,, )) = ( f:ﬁ) ), remembering that f(z) has n components. The

total derivative of F' has Jacobian matrix:

ofn ... 9fi of1 . 9f
oz 0xpn  OTpy1 Otk
Ofn ... Ofn Ofn . Ofn
oz 0Ty  OTni1 0Ly
0 --- 0 1 . 0
0 --- 0 0 ... 1

where the bottom right & x k block is the identity matrix.
At z = a, DF, is invertible because the top left n x n block is invertible. By the Inverse Function
Theorem, there exists open U C R with a € U C U and

(i) F(U) an open subset of R"*:
(i) F:U — F(U) a bijection;
(iii) F and F~! are diffeomorphisms between U and F(U).
Keep in mind that F(z) = f(f) and z = F~! f(f) . Let W be an open subset of R™ with b € W,
x x

V be an open subset of R* with a” € V, and such that W x V C F(U). Then b € W and for 2’ € V we can

define the function g by
_ b x
Fl(x//):(g(x//)>7

so g is made up of the first n components of F~! on {b} x V. Thus g is it is continuously differentiable
as a restriction of the continuously differentiable function F~! composed with a projection onto the first n

components. Then
(40 ) (e () -(2)
(-

with

as required.
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6 Submanifolds of RY

A k-dimensional submanifold of RY is a (curved) generalization of a k-dimensional subspace of RY formed
by patching together with local diffeomeorphisms pieces of k-dimensional subspaces of RY. This has proved
to be a very fruitful idea providing a large interesting class of spaces on which the techniques of differential
calculus can be applied.

In Chapter 6, §3, Shifrin, Multivariable Calculus (Wiley) this is set out well.

Definition 7 Let k and N be non-negative integers with k < N. A subset M of RN is a k-dimensional
submanifold if for each m € M there exists

(i) an open subset U of RN with m € U;
(ii) a k-dimensional subspace X of RN and an open set V of RV ;
(iii) a diffeomorphism ¢ : V — ¢(V) = U such that p(VNX)=UNM.

The map ¢|V N X is a local parametrisation of U N M.
ASIDE: The map ¢ is like a restriction of the map F~! in the proof of the Implicit Function Theorem

1
and 2/ — F~1 < b,, > = ( g(;”) ) is like @lynx.

X

Example: Let S = {m € R?: 2% + y?> + 22 = 1}. Then S? is a 2-dimensional submanifold of R?.

If mo € S%, mo = (20,0, 20) with, for example, zg > 0, and V is a small open subset of R? containing
(70,%0,0). We take {(x,9,0) : 2,y € R} as the 2-dimensional subspace of R® and define ¢ : V. — R3 by
o(x,y,2) = (z,y,2 + /1 — 22 —y?). Then in V, if 22 + 2 < 1, this map is well defined and continuously
differentiable; if in addition z = 0, ¢(z,y, z) € S?.

Example More generally, suppose that f : R? — R is continuously differentiable and b € R is such that

f71(b) # 0. Suppose that for all @ € f~1(b), grad f(a) # 0. Then by the proof of the Implicit Function
Theorem, f~1(b) is a 2-dimensional submanifold of R3.

Definition 8 : A subset X of RY is called a surface if it is a 2-dimensional submanifold of RY .

(An abstract surface is a related but more general concept.)
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Example: Let T? = {(21,22) € C x C : |21| = |22| = 1}. Then T? is a 2-dimensional submanifold of
C x C < R*. In real terms, let

Z1
2 2
To [ xft x5
# T3 ) <x§+xﬁ)
T4

Then T? = fl(( 1 )) and the Jacobian of f is

2x1 2z9 O 0
0 0 2%3 21’4 ’
Notice that 2% + 23 = 1 = (221,222) # (0,0), 23 + 27 = 1 = (223,224) # (0,0). Hence on T? =

f 1(< } >, the rank of the Jacobian is 2 and thus T? is a 2-dimensional submanifold of R*.

Example (of a set which fails at just one point to be a submanifold)
Let f : R?> — R be given by
z1
F({ z2 |)=ai+a3 — a3l
zs3

Then f~1(0) is a ‘double cone’. We see, when we sketch f~1(0), that the origin in R? is a ‘singular point’
at which the definition of a submanifold fails to hold. [In fact, removing the origin from any open subset of
the double cone containing the origin yields a disconnected set. Thus no open neighbourhood of the origin
in the double cone is homeomorphic to an open disc.]

In this example, gradf(z1,z2,23)7 = (221,229, —2x3) and hence the grad (0,0,0)” = (0,0,0) which is
not of rank 1.

An equivalent definition of a submanifold is as follows (the equivalence can be established by using the
Injective Mapping Theorem, proved in an appendix at the end of these notes):

Definition 9 A set M C RY is a k-dimensional submanifold if for each m € M there exists U an open
subset of RN with m € U, W an open subset of R* and a continuously differentiable homeomorphism
r: W —r(W)=UnNM such that Dr,, has rank k for each w € W.

The map r is called a parametrisation of U N M, its inverse is a coordinate map on U N M.

11
The map z” — ( g(a:”) > in the Implicit Function Theorem is an example of a parametrization of

L) NU.

Definition 10 If M is a k-dimensional submanifold of RN, m € M, p : (a,b) — M C RY a continuously
differentiable map (path) with p(c) = m for some ¢ € (a,b), then p'(c) is a tangent vector to M at m. The
set of all tangent vectors at m is called the tangent space to M at m and denoted by T,,(M).
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7 Tangent spaces, normal vectors and Lagrange multipliers.

Lemma 1 Let M be a k-dimensional submanifold of RN and let m € M. Then T,,(M), the set of all
tangent vectors at m, is a k-dimensional subspace of RY.

Proof: By definition, there exists an open subset U of R with m € U, a k-dimensional subspace X of R,
an open subset W of RV and a diffeomorphism ¢ : W — ¢(W) = U such that ¢(W N X) = UN M. Say
¢(d) = m. We will prove that T,,(M) = D¢q(X).

Suppose that p : (a,b) — U N M is a continuously differentiable path with p(c) = m. Let ¢ = ¢! o p.
Then ¢ is the corresponding continuously differentiable path in W N X such that p = ¢ o ¢q. All tangent
vectors to ¢ lie in X because the path ¢ lies in the vector space X, and p’(¢) = Doy(q'(c)) C Doy(X).

Now suppose that v € X. Then ¢t — d + tv is a path in X with tangent vector v at d (when ¢t = 0).
For ¢ sufficiently small, d + tv € W N X defining p(t) = ¢(d + tv) a continuously differentiable path in M
with p(0) = m. Note that p'(t) = D@gitn(v) and D¢g is an isomorphism. Hence T;,,(M) = Doq(X), a
k-dimensional subspace of RV.

The existence of a tangent space is a fundamental property of a sub-manifold. Just as the
derivative at a point is the best linear approximation to a map, locally, the tangent space is an approximation
to the submanifold.

Definition 11 Let M be a k-dimensional submanifold of R™ and let m € M. A vector v € RY is normal
to M at m if v € T,,,(M)*, that is, v is orthogonal to all tangent vectors to M at m.

Note that the set of normal vectors to M at m forms an (N — k)-dimensional subspace of RY.

We now explore these notions in the context of submanifolds defined implicitly by a set of constraints.

Let U be an open subset of R"™* f : U — R™ a continuously differentiable map, b € R™ such that
f71(b) # 0 and at each point m € f~1(b), the total derivative Df,, has rank n. Then, by the methods
used in the proof of the Implicit Function Theorem, M = f~!(b) is a k-dimensional submanifold of R"*¥.
Suppose that p : (r,s) — f~1(b) is a continuously differentiable path. Then f(p(t)) = b for all t € (r,s).
Hence D f,1)(p'(t)) = 0, that is, p'(t) € ker D fp4). Thus T,,,(f~*(b)) = ker D f,,,, both k-dimensional vector
spaces.

Expressing T;,,(f~1(b)) = ker Df,, in terms of the Jacobian matrix yields for v € T,,(f~1(b)), v =

U1
K
Un+k
o) s
a—ﬁ(m) Tﬁk(m) V1 0
or or : :
z(m) - gl (m) Untk 0

Thus v L grad f;(m) for ¢ = 1,...,n and we have established that the n linearly independent
gradient vectors of the components of f at m, form a basis for the n-dimensional orthogonal
space in R"** to the k dimensional tangent space T,,(f~1(b)).

Thus any vector, orthogonal to the tangent vectors at m, lies in the linear span of the
gradient vectors of the components of f at m.
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Theorem 10 ( Lagrange Multipliers) Let U be an open subset of R"* let f : U — R™ be a continuously
differentiable function and b € R™ such that f=1(b) # 0. Suppose that for each m € f=1(b), the total
derivative D f,, has rank n and that gU — R has a mazimum or minimum on f~1(b) at mg € f~1(b). Then
grad g(mg) L Ty, (f1()), equivalently, grad g(myg) lies in the linear span of grad fi(myg),- - -, grad f,(mo).

The components f1,---, f, are known as the constraints of the problem.

Proof: Let p : (r,s) — f~1(b) be a continuously differentiable path such that p(c) = mg. Then
gop: (r,s) — R has a maximum or minimum at ¢. Thus (g o p)'(c) = 0, that is, grad g(mg)p’(c) = 0 (row
vector multiplied by a column vector, or dot product of two vectors). Thus grad g(mg) is orthogonal to p’(c)
which is an arbitrary tangent to f~1(b) at my, that is, grad g(mg) L Ty, (f~1(b)). Hence grad g(m,) lies in
the linear span of the vectors grad f1(myg), -, grad f,,(mo).

It follows that there exist A1, -+, A, € R such that

grad g(mo) = Argrad f1(mo) + - - - + Apgrad f,, (mo)

These scalars \; ---, \; are known as the Lagrange multiplyers.
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8 Applications of the technique of Lagrange Multipliers.

A number of exercises using Lagrange Multipliers are given on the second problem sheet. For our last lecture
we will study several more advanced applications.

Example In this first example we will prove a well known result concerning the distance between sub-
manifolds. (Another method of deducing this same result is set out in the second problem sheet. You are
recommended to master both approaches.)

Let f1, fo : R — R be such that M; = f~1(b;) and My = f~1(bs) are disjoint 2-dimensional submanifolds
of R3, that is, surfaces. Show that if a; € My, as € My are such that

a1 — az|| < [[m1 — ma||

for all my € My, my € Mo, then the line joining a; and as is normal to M7 at a; and My at as.

We set this up in such a way that we can apply the technique of Lagrange multipliers. Let F : R? x R? —

(3 )=(5w )

> and we try to minimize

R x R be given by

by

Theanng—F1<
2

o

The Jacobian matrix of F' is:

=

) =yl = (@1 — )+ (@2 — ) + (@3 — ya)?

< |8

on Ml X MQ.

ofi  8fi Of
9o o ows 0 0 0}
0 0 0 9L 9f2 Of )

and the gradient vector of g has six components:

gradg( ) = 2(x1 — y1,%2 — Y2, %3 — Y3, — (21 — y1), — (T2 — y2), — (23 — y3)).

< |8

Thus if grad g is a linear combination of the rows of the Jacobian matrix at a point (z,y) then grad fi(z),
grad fo(y) and x — y are parallel. According to the technique of Lagrange multipliers, this occurs at the
‘closest points’, z = a1 and y = ax.

Example
Suppose that A, B € M, (R) are symmetric and such that 27 Az = > Tiagry > 0if x # 0. We say

that A is a positive matrix. (Note that this implies that A is invertible.) Show that maxz” Bz subject to
the constraint 27 Az = 1 is an eigenvalue of A~!B.

Solution: Let f(r) = 27 Az = Zij z;a;;7; and g(x) = x7 Bx. By the technique of Lagrange multipliers,

if g(a) > g(x) on {x € R™: f(x) = 1} then grad g(a) = Agrad f(a) for some X\ € R.
First we calculate grad f(a):

fla+A)=(a+A)TAla+ A) =a"Aa + AT Aa + o AA + AT AA.
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Thus
Df,(A) = AT Aa 4 aT AA = 24T AA

as A is symmetric, and we see that grad f(a) is the row vector 2a” A.

Similarly, 24T B is the row vector grad g(a). Therefore, 2a” B = A\2a’ A, or equivalently, Ba = A\Aa as
the matrices A and B are symmetric. Thus A~'Ba = \a. Further, g(a) = a” Ba = \a” Aa = X because
a’Aa = 1.

Thus A is an eigenvalue for A~'B and the maximum is achieved at a corresponding eigenvector a.

If (B—AA)a=0, a # 0, then X is called a relative eigenvalue and a a relative eigenvector.

We should note that there is a purely algebraic way of doing this problem: the matrix A is symmetric
and positive and we can diagonalize A and B simultaneously.

Example
In this example we will show that the n x n orthogonal matrices form an n(n — 1)/2-dimensional sub-
manifold of the n2-dimensional vector space M, «,(R). So for example, O(3) and SO(3) are 3-dimensional

submanifolds of RY.
Let Sym,,,,,(R) denote the n x n symmetric real matrices and let

be given by f(X) = XTX. Then f~1(I) = {X € Myuxn(R) : XT = X1} is the group of orthogonal
matrices, denoted O(n). The columns of the an orthogonal matrix form an orthonormal basis for R” and
multiplication by an orthogonal matrix preserves the length of a vector.

Note that det(X7 X) = 1 when X is an orthogonal matrix so (det X)? = 1, det X = +1. The subgroup
of orthogonal matrices of determinant 1 is known as the the special orthogonal group and denoted by SO(n).
The group SO(n) is both an open and a closed subset of O(n).

[We show that the set O(n), given implicitly, is a submanifold by showing that the Jacobian of the
constraint map (in this case f) is of constant rank.]

First we calculate Df;.

FU+A) =T +A)TT+A) = +ATT+ 1A+ ATA.

Hence, Df;(A) = AT + A, a symmetric matrix. If A is an arbitrary symmetric matrix then Df[(A/Q) =
n(n+1)
2
Sym,, .., (R) is a surjective linear map of rank w

What is ker D f;?

A matrix A € ker Dfy iff AT + A = 0, that is, AT = —A. So ker Df; = Skew,x»(R) - the skew
symmetric matrices.

Let A € f~1(I). Then Dfa(A) = ATA + ATA. We will show that Dfa : M,,x,(R) — Sym,, ., (R) is
surjective. Let A € Sym,,,,(R) and try to solve Dfs(A) = A, that is, ATA + ATA = A. Note that

AT = A=' and try A = AA/2. Then
ATAA/2 + (AA/2)TA = ATVAAT )2+ (A/2)A7 A=A

nxn

The symmetric matrices, Sym,,.,(R), form an dimensional vector space. So Dfr : Mux,(R) —

nxn

because A is symmetric. Thus Df, is surjective of rank n(n + 1)/2.

We have shown that the map D f is of constant rank n(n+1)/2 on f~*(I) = O(n). Thus O(n) and hence
SO(n) are n(n — 1)/2-dimensional submanifolds of M,,x,(R).

What is ker Df4, when A € f~1(I)?

If Dfa(A) = ATA+ ATA = 0 then ATA = A7'A € Skew,x,(R). Hence A € ASkew, x,(R). If
ma : Mpxn(R) — Myun(R) is given by mu(X) = AX then the map my4 is linear, so Dmy = m4 and
Dmy =ma : T1(O(n)) — Ta(O(n).

This example is explored further on the problem sheet where you will find that exp : T;(O(n)) — O(n).
So exp maps a tangent vector to the submanifold O(n) at I to O(n), that is, a skew symmetric matrix maps
to an orthogonal matrix and the map exp gives a parametrisation of the submanifold O(n) near I € O(n).
This story is taken up later in your course in the study of Lie groups.
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9 Appendices

9.1 Appendix A: Inverse Function Theorem

Theorem (Inverse Function Theorem - normalised version): Let U,V be open subsets of R™, 0 € R™,
f:U =V a continuously differentiable map with f(0) =0 and Dfy = I. Then there exist open sets U' C U,
V' CV with 0 € U’ such that fly: : U — V' is a diffeomorphism, that is, fly is a homeomorphism from
U onto V' and f=1 : V' — U’ is continuously differentiable.

Proof:

e Let g(x) = z — f(x). Then Dfy = 0 and, by the continuity of z — Df,, there exists r > 0 such
1

that ||z — O|] < 2r when [[Dg, — 0| < 5. Thus, by a waek version of the Mean Value Theorem,

o) — ()] < $lz — 0] when |lz]| < 2r and so g (B (0)) € B3 (0).

e Next we show that f (B,,(O)) 2 Bz (0).

Let y € Bz (0) so |ly|| < 5. Define g,(z) = y +g(z) = y+ o — f(z). If |y| < 5 and |z]| < r then
llgy(x)|| < 5 + 5. Hence g, (BT(O)) C B,(0). Note that D(gy), = Dg, so

lgy(21) = gy ()|l = llg(x1) = g(z2)[| < %lel — 2|

when 1,29 € B,-(0). Hence, by the Contraction Mapping Theorem, there exists unique x € B,.(0) such
that g,(z) = «, that is, x = y + © — f(z) so y = f(z). We have now shown that f (BT(O)) 2 B:(0)

and we will define ¢ : Bz (0) — B,(0) to be such that f(é(y)) = y. (We show that ¢ is well defined
shortly)

e Continuity of ¢ on Bz(0).
Note that z = g(z) + f(x). If x1, 22 € B,(0),

ler = @oll < lg(z1) = g(@2)[| + [[f(21) = fl2)]| < %Ilm — za| + [ f(21) = f(z2)]-

Therefore, 1[lz1 — 22| < |[f(z1) — f(2z2)||, |21 — z2|| < 2[[f(2z1) — f(x2)|. This shows that f is
one-to-one on B,.(0)and that its local inverse ¢ is well defined on Bz (0). If if y1,1 € Bz(0) then
6(s1) — B(y2) | < 2llyn — vl and s0 6 s continious on By (0).

o Differentiability of ¢

Let y1,y2 € Bg(O) be such that y; = f(x1), y2 = f(x2) where z1,z2 € B,(0). So ¢(y1) = z1 and
¢d(y2) = x2. Then

l6(y1) = ¢(y2) = (Dfea) " (y1 = o)l = llw1 — 22 — (D fiy) 7 (F (1) — f(22))]]-

The continuity of x — D f, implies

(@1 = w2) = (D fa,) 7 (f(21) = f(@2))]

[(Df,N(Dfwy (21 — 22) — fz1) = f(22))]]
IDFLINID foy (21 = 22) — (f(21) = f(22))]]
o([lz1 — z2l|)

o(llyr — yall)

A

because 1x=ul > 1
lz1—z2f] = 2°

Hence ¢ is differentiable and D(¢), = (D fy(,))~" for y € Bz (0).
Finally, z — D, is continuous which implies that y — D(¢), is continuous on Bz (0).
Let U' = ¢(Bz(0)) and V' = Bz (0).

r
2
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Theorem (Inverse Function Theorem): Suppose that U,V are open subsets of R™ and f : U — V is
continuously differentiable. Suppose that for some a € U, Df, is invertible. Then there exist open U' C U
with a € U', V' CV such that f(U') =V' and flU' : U — V' is a diffeomeophism.

Proof: Define f(z) = (Df,)” " (f(z+a) — f(a)). The theorem above implies that f is a diffeomorphism
near 0. Hence so is  — f(z + a) — f(a). Thus f is a diffeomphism near a.

9.2 Appendix B: Injective Mapping Theorem

Theorem 11 Let U be an open subset of R®, a € U and f : U — R"* be continuously differentiable
function such that Df, is injective, that is, a one-to-one linear map. Then there exist open U’ C U and V
an open subset of RF with 0 € V and a continuously differentiable function F : U’ x V — R™* such that
Fluixo = fIU', F(U' x V is an open subset of R"™* and F : U’ x V — F(U’ x V) is a diffeomorphism.

Note that it now follows that f(U’) is an n-dimensional submanifold of R**+*.

Proof
Let B be an (n + k) x n real matrix such that the columns of the Jacobian of Df, and the columns of
B together are linearly independent. Then the matrix (D f,, B) is invertible. We will define a continuously

differentiable function F : U x R™ — R™* with the above matrix as the Jacobian at ( 8 ) Let
€ Thk41

Tk Ttk

x/
and z = ( o ) € R"*. Let
F(z) = f(z') + Bz".

Then
DF, | =(Df..B)
(5]
0

The required result now follows from the Inverse Function Theorem.

Corollary (Injective Mapping Theorem) The function f|y is injective.
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