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Summary. It is well known that the zeros of a polynomialp are equal to the eigen-
values of the associated companion matrixA. In this paper we take a geometric view
of the conditioning of these two problems and of the stability of algorithms for poly-
nomial zerofinding. Theε-pseudozero setZε(p) is the set of zeros of all polynomials
p̂ obtained by coefficientwise perturbations ofp of size≤ ε; this is a subset of the
complex plane considered earlier by Mosier, and is bounded by a certain generalized
lemniscate. Theε-pseudospectrum Λε(A) is another subset ofC defined as the set
of eigenvalues of matriceŝA = A +E with ‖E‖ ≤ ε; it is bounded by a level curve
of the resolvent ofA. We find that ifA is first balanced in the usual EISPACK sense,
thenZε‖p‖(p) andΛε‖A‖(A) are usually quite close to one another. It follows that
the Matlab ROOTS algorithm of balancing the companion matrix, then computing
its eigenvalues, is a stable algorithm for polynomial zerofinding. Experimental com-
parisons with the Jenkins-Traub (IMSL) and Madsen-Reid (Harwell) Fortran codes
confirm that these three algorithms have roughly similar stability properties.

Mathematics Subject Classification (1991):65F35

1. Introduction

Zeros of polynomials and eigenvalues of nonsymmetric matrices are well-known ex-
amples of problems whose answers may be highly sensitive to perturbations. The
sensitivity of these two problems was made famous among numerical analysts by
Wilkinson in the early 1960s, and contributed to his development of the notions of
stability and conditioning that are now standard in this field [19, 22, 23]. And, of
course, the two problems are related, for the zeros of a polynomial are the same as
the eigenvalues of the associated companion matrix.

Despite the classical nature of the subject, the relationship between these two
problems has received less study than one might suppose. Polynomial zerofinding
has been something of a backwater in numerical analysis, and it is probably fair to
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say that although all numerical analysts know that one can find zeros via companion
matrices in principle, most assume that it isn’t a good idea to do so. It seems to be not
well known, though it is pointed out in the original paper on the subject [8], that the
central step of the Jenkins-Traub algorithm for polynomial zerofinding is equivalent to
a generalized Rayleigh quotient iteration for finding an eigenvalue of the companion
matrix (for details see the Appendix).

The approach we take in this paper is a geometric one. For a monic polynomial
p(z), let Z(p) denote the zero set (= set of zeros) ofp(z), and, for anyε ≥ 0, define
the ε-pseudozero setof p(z) by

Zε(p) = {z ∈ C : z ∈ Z(p̂) for some ˆp},(1)

where ˆp ranges over polynomials whose coefficients are those ofp modified by per-
turbations of size≤ ε (for details see Section 2). The relevance of such sets to the
conditioning of the zerofinding problem has been discussed by Mosier [16]. Similarly,
for a matrixA, let Λ(A) denote the spectrum ofA, and define theε-pseudospectrum
of A by

Λε(A) = {z ∈ C : z ∈ Λ(A +E) for someE with ‖E‖ ≤ ε}.(2)

Matrix pseudospectra have been studied by Trefethen [21], Godunov [4], and others
going back at least to H.J. Landau in 1975 [11].

In this paper we report numerical experiments that show thatZε‖p‖(p) and
Λε‖A‖(A) are generally quite close to one another whenA is a companion matrix
of p that has been “balanced” in the usual EISPACK sense proposed originally by
Parlett and Reinsch [18]. It follows that the polynomial zerofinding problem and the
balanced matrix eigenvalue problem are comparable in conditioning and therefore
that finding zeros via eigenvalues of companion matrices, the method used by the
Matlab ROOTS command, is a stable algorithm. To test these conclusions we com-
pare ROOTS with the Jenkins-Traub (IMSL) code CPOLY [10] and the Madsen-Reid
(Harwell) code PA16 [13] for a variety of polynomials. Our experiments suggest that
all three codes are reliable, with the highest accuracy typically achieved by PA16 and
the next-best accuracy by ROOTS.

The significance of pseudozero sets and pseudospectra is not just a matter of
rounding errors and numerical stability. In any applied mathematical problem that ap-
parently depends on polynomial zeros, it is likely that what really matters is whether
| p(z) | is very small, not necessarily exactly zero. Similarly, in a matrix eigenvalue
problem, what really matters may be whether‖(zI −A)−1‖ is very large, not neces-
sarily exactly infinity. Thus the investigation of pseudozero sets and pseudospectra is
a natural extension of the zerofinding and eigenvalue problems themselves, not just
a tool for analyzing numerical algorithms.

2. Pseudozero sets of polynomials

We begin this section by introducing some notation:

P: The set of monic polynomials of degreen with complex coefficients. For
eachp ∈ P, we will expressp as

p(z) =
n∑
i=0

ciz
i, cn = 1.
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We will also denote the vector of coefficients (c0, . . . , cn−1)T by p when
there is no danger of confusion.

Z(p): The set of zeros ofp.
p∗: The reciprocal polynomial ofp, i.e., p∗(z) = znp(z−1).
D : The set ofn× n diagonal matrices with diagonal entries inC. For each

D ∈ D , we denote its diagonal vector (d0, . . . , dn−1)T by d; d−1 denotes
the vector (d−1

0 , . . . , d−1
n−1)T.

‖x‖d: For each nonsingularD ∈ D , the norm‖x‖d is defined overCn by

‖x‖d = ‖Dx‖2, x ∈ Cn.

z̃: For eachz ∈ C, z̃ denotes the vector (1, z, . . . , zn−1)T.
e1, . . . , en: the standard basis inCn.

For a fixedD ∈ D , we can assign a metric onP by

‖p− p̂‖d =

[
n−1∑
i=0

|di |2|ci − ĉi |2
]1/2

,

which measures the perturbations in the coefficients ofp relative to the weights given
by d. Note also that the norm‖x‖d induces a matrix norm onCn×n (the space of all
n× n matrices overC), which satisfies the formula‖A‖d = ‖DAD−1‖2.

For eachp ∈ P, we define theε-pseudozero setof p(z) by

Zε(p; d) = {z ∈ C : z ∈ Z(p̂) for some ˆp ∈ P with ‖p̂− p‖d ≤ ε}.(3)

These sets quantify the conditioning of the zerofinding problem and arise naturally in
analyzing the stability of zerofinding algorithms. For a zerofinding algorithm to be sta-
ble, the computed zeros ofp should lie in a regionZCu(p; d) for an appropriate choice
of d, whereC = O(‖p‖d) andu is the machine precision. For example, the choice
d = ‖p‖2p

−1 corresponds to coefficientwise perturbations andd =
√
n(1, . . . , 1)T

corresponds to normwise perturbations.
The following proposition gives an algebraic characterization ofZε(p; d) in terms

of the level curves of a certain function. This allows us to determineZε(p; d) numer-
ically.

Proposition 2.1.

Zε(p; d) =

{
z ∈ C :

|p(z) |
‖z̃‖d−1

≤ ε

}
.

Mosier [16] introduced these sets and proved this proposition in the∞-norm. Here we
extend the result to the 2-norm; in fact, it is valid in thep-norm for any 1≤ p ≤ ∞.

Proof. If z ∈ Zε(p; d), then∃ p̂ ∈ P with p̂(z) = 0 and‖p̂− p‖d ≤ ε. By the Ḧolder
inequality,

|p(z) | = | p̂(z)− p(z) | = |
∑

(ĉi − ci)z
i |

≤ ‖p̂− p‖d ‖z̃‖d−1 ≤ ε‖z̃‖d−1.

To show the converse, considerz ∈ C such that| p(z) |≤ ε‖z̃‖d−1. Let θ = arg(z).
Consider the degreen− 1 polynomialr defined by
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r(w) =
n−1∑
k=0

rkw
k, whererk =|zk | e−ikθd−2

k .

Thenr(z) = ‖r‖d‖z̃‖d−1, and the polynomial ˆp ∈ P defined by ˆp(w) = p(w)− p(z)
r(z) r(w)

satisfies ˆp(z) = 0 and‖p̂− p‖d = |p(z) |
|r(z) |‖r‖d ≤ ε. Thusz ∈ Zε(p; d). ut

Note that ifd = e1
−1 = (1,∞, . . . ,∞)T, thenZε(p; d) becomes the region bounded

by the usualε-lemniscateof p [6],

Lε(p) = {z ∈ C : |p(z) |≤ ε}.
More generally we may call the boundary ofZε(p; d) a generalized lemniscate.

Example 2.1.Consider the monic polynomialp of degree 10 with zeros 1, 2, . . . , 10.
Figure 1 shows theε‖p‖d-pseudozero sets ofp for two different choices ofd corre-
sponding to coefficientwise (d = ‖p‖2p

−1) and normwise (d =
√
n(1, . . . , 1)T) pertur-

bations.

(a) normwise (b) coefficientwise

Fig. 1. ε‖p‖d-pseudozero sets (ε = 10−7, 10−6) corresponding to normwise and coefficientwise pertur-
bations for the degree-10 monic polynomial with zeros 1, 2, . . . , 10. Note the different scales in (a) and
(b)

The ideas described above apply to arbitrary polynomials and finite perturbations.
For the limiting case of infinitesimal perturbations, a single condition number suffices
to describe what may happen to each simple root. Let the condition number of the
root ξ of p be defined by

κ(ξ, p; d) = lim
‖p̂−p‖d→0

sup
p̂

| ξ̂ − ξ |
‖p̂− p‖d/‖p‖d .

Then from Proposition 2.1 we can readily derive the following formula:

Proposition 2.2.

κ(ξ, p; d) = ‖p‖d ‖ξ̃‖d−1

|p′(ξ) | .(4)

(Thus for infinitesimalε, the component ofZε‖p‖d (p; d) aboutξ is the disk of radius
εκ(ξ, p; d)). This result is essentially equivalent to formulas obtained by Gautschi in
a sequence of several papers on polynomial condition numbers [3]. We define the
condition number of the zerofinding problem forp to be

κ(p; d) = max
ξ

κ(ξ, p; d) .(5)
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3. Pseudospectra of companion matrices

For each monic polynomialp =
∑n

i=0 ciz
i ∈ P, the companion matrix associated with

p is then× n matrix

Ap =


0 · · · · · · −c0

1
... −c1

...
...

...
1 −cn−1

 .(6)

The characteristic polynomial ofAp is p itself, and therefore the set of eigenvalues of
Ap coincides with the set of zeros ofp. We now introduce concepts for companion
matrices analogous to those just given for polynomials.

For eachp ∈ P, we define theε-pseudospectrumof Ap by

Λε(Ap; d) = {z ∈ C : z ∈ Λ(Â) for someÂ ∈Mn with ‖Â−Ap‖d ≤ ε}.(7)

The size ofΛε(Ap; d) is related to the conditioning of the companion matrix eigenvalue
problem. The appearance of the norm‖ · ‖d in (7) corresponds to the consideration
of diagonally weighted perturbations in the entries ofAp:

‖Â−Ap‖d = ‖D(Â−Ap)D−1‖2.(8)

The main reason we includeD in our formulation is that the process of balancing
a matrix, to be discussed in the next section, involves a diagonal similarity transfor-
mation; thus this formulation allows us to treat the balanced and unbalanced cases
together. For an eigenvalue algorithm applied to the companion matrix to be sta-
ble, the computed eigenvalues ofAp should lie in a regionΛCu(Ap; d) for some
C = O(‖Ap‖d).

The following proposition gives an algebraic characterization ofΛε(Ap; d) in terms
of the level curves of the norm of the resolvent ofAp.

Proposition 3.1.

Λε(A; d) = {z ∈ C : ‖(zI −A)−1‖d ≥ ε−1}.
This result holds for anyn×n matrix and any matrix norm induced by a vector norm;
see [1]. For completeness, we include a proof, omitting the subscriptd for simplicity.

Proof. It is easily shown thatΛε(Ap; d) is a subset of the right-hand side. To show
the converse, considerz ∈ C such that‖(zI − A)−1‖ = ε0

−1 for someε0 ≤ ε. We
can findu ∈ Cn such that

‖(zI −A)−1u‖ = ε0
−1 and‖u‖ = 1.

Let v = ε0(zI − A)−1u; then ‖v‖ = 1. By a standard corollary of the Hahn-Banach
theorem, there exists a linear functionalf ∈ (Cn)∗ (the dual space ofCn) such that
f (v) = 1 and‖f‖ = 1. Let a = (f (e1), . . . , f (en))∗; then f (x) = a∗x ∀x ∈ C

n

(the superscript∗ means conjugate transpose). Consider the matrixÂ = A+ ε0ua
∗. Â

satisfies

Âv = Av + ε0ua
∗v = Av + ε0u = zv,

showing thatz is an eigenvalue of̂A. Now ‖Â−A‖ = ‖ε0ua
∗‖ = ε0‖f‖ = ε0 ≤ ε, so

z ∈ Λε(Ap; d), and this completes the proof.ut
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Example 3.1.Consider the companion matrices corresponding to the same polynomial
p as in Example 2.1. Figure 2 comparesε‖Ap‖d-pseudospectra of the unbalanced and
balanced (see next section) companion matrices, which turn out to be far larger in
the unbalanced case. By contrast, note the approximate agreement of the curves in
Fig. 2b with those in Fig. 1b.

(a) unbalanced (b) balanced

Fig. 2. ε‖Ap‖d-pseudospectra (ε = 10−7, 10−6) of the unbalanced and balanced companion matrices
corresponding to the same polynomial as in Fig. 1. Note the different scales in (a) and (b), and the
approximate agreement of Figs. 1b and 2b

We define the condition number of the simple eigenvalueλ of a matrixB by

κ(λ,B; d) = lim
‖B̂−B‖d→0

sup
B̂

| λ̂− λ |
‖B̂ −B‖d/‖B‖d

.

A formula for this quantity is (see [5]):

κ(λ,B; d) = ‖B‖d ‖x‖d−1‖y‖d
|x∗y | ,(9)

where the superscript∗ denotes conjugate transpose andx and y are left and
right eigenvectors ofB, respectively, corresponding to the eigenvalueλ. (Just as
(4) is a consequence of Proposition 2.1, (9) can be derived as a consequence of
Proposition 3.1.) For the special case of the companion matrixAp, the left and right
eigenvectors can be written in closed form:

x = (1, λ, . . . , λn−1)T,(10)

y = (b0, b1, . . . , bn−1)T,(11)

where b0, . . . , bn−1 (dependent onλ) are the coefficients of the monic polynomial
(p(z) − p(λ))/(z − λ) =

∑n−1
i=0 biz

i. The expression for the condition number then
reduces to the following formula:

Proposition 3.2.

κ(λ,Ap; d) = ‖Ap‖d ‖b̃(λ)‖d‖λ̃‖d−1

|p′(λ) | ,(12)

whereb̃(λ) = (b0, . . . , bn−1)T.
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(Thus for infinitesimalε, the component ofΛε‖Ap‖d (Ap; d) aboutλ is the disk of
radiusεκ(λ,Ap; d)). If the eigenvalues ofAp are simple (equivalently, the zeros ofp
are simple), we define the condition number of the problem of finding the eigenvalues
of Ap with respect to perturbations of the form given in (8) to be

κ(Ap; d) = max
ξ

κ(ξ, Ap; d).(13)

4. The importance of balancing

The conditioning of the eigenvalue problem for a companion matrixAp may be
changed enormously by a diagonal similarity transformation. The best one could
hope for would be to find such a transformation that makes the eigenvalue problem
no worse conditioned than the underlying polynomial zerofinding problem. Our ex-
periments show that to up to a factor of 10 or so, the similarity transformation known
as balancing tends to achieve just this. In this section we shall give some details,
comparing balancing with other diagonal similarity transformations and measuring
the results by the scalar condition numberκ of (13). The plots of the next section
carry these observations further, revealing that balancing tends to achieve an approx-
imate match not only of condition numbers but also of pseudospectra and pseudozero
sets.

Recall from (8) that problems of the condition ofAp can be formulated in two
equivalent ways: we can either leave the 2-norm fixed and changeAp to DApD

−1,
whereD is a diagonal matrix, or leaveAp fixed and change the 2-norm to‖ · ‖d,
whered = diag(D). Using the latter formulation, we consider four possibilities:

1. Pure companion matrix.One possibility is to consider the matrix (8) with no diag-
onal similarity transformation. Equivalently, the diagonal similarity transformation is
defined byd = e =

√
n(1, . . . , 1)T.

2. Balancing.Balancing the matrixAp corresponds to finding a diagonal matrixT ∈
D such thatTApT

−1 has the 2-norm of itsith row andith column approximately
equal for eachi = 1, . . . , n (we denote‖diag(T−1)‖2 diag(T ) by t). This idea was
introduced in [18] and is a standard option in EISPACK [20] and also the default
procedure in Matlab [14].

3. Scaling.For each scalarα > 0, the associated scaled monic polynomial ofp ∈ P
is

pα(z) =
1
αn

p(αz) =
n∑
i=0

ci
αn−i

zi.

The diagonal similarity transformation that corresponds to this scaling operation is
defined by the diagonal matrixDα = diag(d(α)), where

d(α) = ‖(αn, . . . , α1)‖2(α−n, . . . , α−1) .

4. Coefficientwise.If p has all nonzero coefficients, there is a natural diagonal sim-
ilarity transformation associated with it, viz., the coefficientwise diagonal similar-
ity transformation, which is represented by the diagonal matrixC = diag(c), where
c = ‖p‖2p

−1.
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We have found empirically that the balancing operation tends to achieve the best
conditioned eigenvalue problem forAp among these four choices of diagonal sim-
ilarity transformations. Specifically, consider the ratios of the eigenvalue condition
numbers for the three other problems to that of the balanced companion matrix, i.e.,
the ratios

σ(Ap; d) =
κ(Ap; d)
κ(Ap; t)

(14)

for d = c, d(α), ande, with t corresponding to the balancing operation as indicated
above. In the case of polynomial scaling,α is chosen to be the optimal value in the
sense thatσ(Ap; d(α)) is minimized. We have found thatσ(Ap; e) andσ(Ap; d(α)) are
usually much greater than unity, implying that these two eigenvalue problems are
much worse conditioned than the eigenvalue problem associated with the balanced
matrix. The third ratio,σ(Ap; c), is of order 1 in many cases, but coefficientwise
transformations have the defect that they are not well defined when some of the
coefficients ofp are zero.

Having found that balancing operation achieves approximately the best condi-
tioned eigenvalue problem forAp, we then compare this matrix condition number
with the condition number of the coefficientwise perturbed zerofinding problem for
p. That is, we consider the ratio

κ(Ap; t)
κ(p; c)

.

Our experiments show that this ratio tends to be of order 1.
Table 1 gives empirical evidence to support these statements. It is a tabulation of

the four ratios discussed above for a variety of degree-20 monic polynomials:

(1) “Wilkinson polynomial”: zeros 1, 2, 3, . . . , 20.
(2) the monic polynomial with zeros equally spaced in the interval [−2.1, 1.9].
(3) p(z) =

∑20
k=0 z

k/k!.
(4) the Bernoulli polynomial of degree 20.
(5) the monic polynomialz20 + z19 + z18 + · · · + 1 (zeros are the 21st roots of unity

except 1).
(6) the monic polynomial with zeros 2−10, 2−9, 2−8, . . . , 29.
(7) the Chebyshev polynomial of degree 20.
(8) the monic polynomial with zeros equally spaced on a sine curve, viz., (2π/19(k+

0.5)) + i sin(2π/19(k + 0.5)), k = −10,−9,−8, . . . , 9.

The scatter plot ofκ(p; c) versusκ(Ap; t) in Figure 3 provides further evidence
that the condition of the balanced companion matrix eigenvalue problem is typically
comparable to that of the coefficientwise perturbed zerofinding problem. For this plot,
we considered a random sample of one hundred degree-10 monic polynomials with
coefficients of the form

a1 × 10e1 + ia2 × 10e2,(15)

whereai andei (i = 1, 2) are drawn from the uniform distributions on the intervals
[−1, 1] and [−10, 10], respectively. The idea of considering polynomials with random
coefficients of this form to test the quality of zerofinding algorithms was proposed by
Jenkins and Traub in 1974 [9].
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Table 1. Comparison of the conditioning of the balanced companion matrix eigenvalue problem with that
of the eigenvalue problems of various matrices diagonally similar toAp

coefficientwise scaled (α) unbalanced κ(Ap; t)/κ(p; c)

(1) 3.4× 100 1.9× 108 (9.0) 2.3× 1031 1.4× 101

(2) 2.0× 100 4.2× 105 (0.9) 4.5× 105 3.6× 100

(3) 1.4× 100 1.7× 102 (10.0) 1.1× 1032 5.2× 100

(4) ∗ 4.6× 103 (1.6) 2.9× 106 8.7× 100

(5) 1.1× 100 9.4× 10−1 (1.1) 1.1× 100 7.6× 100

(6) 1.7× 101 1.2× 1024 (0.8) 1.4× 1024 2.1× 101

(7) ∗ 6.4× 103 (0.6) 6.5× 104 4.4× 100

(8) ∗ 3.4× 104 (1.7) 9.6× 107 2.6× 100

*: coefficientwise transformation not defined because of zero coefficient

We should note that the conditions of the balanced companion matrix eigenvalue
problem and the coefficientwise perturbed zerofinding problem are closer for some
polynomials than others. When the zeros of the polynomials are of widely varying
magnitudes, the match tends to be worse; this accounts for the deviation of some
points from the dashed line in Fig. 3.

5. Numerical experiments

We now come to a sequence of more detailed experiments, Figs. 4–11. For the same
eight polynomials described in the last section, each figure presents first of all a graph-
ical comparison of two pseudozero setsZε‖p‖c (p; c) (c = ‖p‖2p

−1) of the polynomial
with the corresponding pseudospectraΛε‖Ap‖t (Ap; t) of the associated balanced com-
panion matrix. A reasonably close agreement is observed in all cases.

This agreement of pseudozero sets and pseudospectra suggests that it ought to be
possible to compute zeros of polynomials stably via eigenvalues of balanced compan-
ion matrices. To test this prediction, we have compared three zerofinding methods:

1. J-T. Our first zerofinder is the Jenkins-Traub program CPOLY, available from
ACM TOMS via Netlib and also in the IMSL library [8]. The innermost step of this
algorithm is equivalent to a certain modified generalized Rayleigh quotient iteration
for companion matrices (see the Appendix). A three stage procedure is used, each
stage being characterized by the type of shift involved.

2. M-R. Our second zerofinder is the Madsen-Reid code PA16 from the Harwell
Library [13], which is a Newton-based method coupled with line search. The algorithm
is designed to find zeros beginning with the zero of smallest magnitude of a given
p. Stage 1 of the method uses Newton formula to find a search direction for the real
function |p(z) |. Once the iterates are close enough to a zero ofp(z), the algorithm
enters stage 2 and uses the standard Newton iteration.

3. ROOTS.Finally, we consider ROOTS, the Matlab zerofinding code based on con-
structing the balanced companion matrix and finding its eigenvalues by standard meth-
ods [15]. (Matlab actually uses the QZ algorithm, but our experiments suggest that
the QR algorithm gives similar results.)

In our experiments, we first find the “exact” roots ofp by computing the eigenval-
ues ofAp in quadruple precision (≈ 34 digits) via a standard EISPACK computational
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cond. no. of
balanced
eigenvalue
problem

cond. no. of zerofinding problem

Fig. 3. Comparison of the condition numberκ(Ap; t) of the balanced companion matrix eigenvalue problem
with the condition numberκ(p; c) of the coefficientwise perturbed zerofinding problem for 100 degree-10
polynomials with random coefficients of the form (15)

path for eigenvalues of a general complex matrix, (CBAL, CORTH, COMQR) [20].
The rest of our computations are then carried out in double precision (≈ 16 digits).

For each of the eight polynomials, Figs. 4–11 list the maximum absolute error of
the roots computed by the above algorithms together with the condition numbers of
the coefficientwise perturbed zerofinding problem forp and the balanced companion
matrix eigenvalue problem forAp.

Figures 4–11, and our other numerical experiments, indicate that PA16 is typically
the most accurate of these zerofinding algorithms, followed by ROOTS. Further em-
pirical evidence is presented in Figs. 12–14, which show scatter plots corresponding
to the same sample of one hundred random degree-10 monic polynomials as in Fig. 3.
A few remarks are in order concerning these scatter plots:

First, the scatter plots indicate that ROOTS and PA16 are stable. The Jenkins–
Traub code CPOLY appears somewhat unstable in a few cases.

Second, the error in the zeros computed by ROOTS is typically of the order of
magnitude of the condition number of the coefficientwise perturbed zerofinding prob-
lem, not the balanced companion matrix eigenvalue problem. With reference to Figure
3, we thus observe that ROOTS finds the zeros somewhat more accurately than would
be predicted by the condition number of the balanced companion matrix eigenvalue
problem. We have carried out numerical experiments to explain this phenomenon and
find that it is apparently a consequence of the sparsity of the balanced companion
matrices. The condition number (9) is of course defined for a general square matrix,
not taking sparsity or other structure into account.

Finally, the reader will note the appearance of some points well below the dashed
diagonal line for J-T and M-R, but not ROOTS. These correspond to examples with
zeros that are nearly multiple. Evidently the performance of ROOTS matches linear
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Fig. 4. Wilkinson polynomial (ε = 10−14, 10−13)

error(J-T) = 1.36e− 02 u κ(p; c) = 2.76e− 01
error(M-R) = 1.53e− 02 u κ(Ap; t) = 4.00e + 00
error(ROOTS) = 3.58e− 03

Fig. 5. Polynomial with zeros equally spaced in [−2.1, 1.9] (ε = 10−3, 10−2)

error(J-T) = 5.31e− 13 u κ(p; c) = 6.57e− 12
error(M-R) = 2.46e− 13 u κ(Ap; t) = 2.34e− 11
error(ROOTS) = 6.11e− 13

Fig. 6. Partial sums of the Taylor series for ez (ε = 10−4, 10−3)

error(J-T) = 1.98e− 11 u κ(p; c) = 3.16e− 11
error(M-R) = 1.00e− 12 u κ(Ap; t) = 1.66e− 10
error(ROOTS) = 9.00e− 12
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Fig. 7. Bernoulli polynomial (ε = 10−4, 10−3)

error(J-T) = 4.10e− 12 u κ(p; c) = 1.10e− 11
error(M-R) = 1.17e− 12 u κ(Ap; t) = 9.62e− 11
error(ROOTS) = 1.38e− 12

Fig. 8. Polynomial with zeros equal to the 21st roots of unity except 1 (ε = 10−1.2, 10−1)

error(J-T) = 4.92e− 13 u κ(p; c) = 4.22e− 16
error(M-R) = 2.48e− 16 u κ(Ap; t) = 3.19e− 15
error(ROOTS) = 1.29e− 15

perturbation theory in these cases, whereas J-T and M-R actually do somewhat better.
Thus in these cases ROOTS could be said to be mildly unstable.

6. Asymptotic agreement of pseudozero sets and pseudospectra

In this section we establish various mathematical relationships between pseudozero
sets and pseudospectra of the associated companion matrices, showing in particular
that in the limitsε→ 0 (infinitesimal perturbations) andα→∞ (zeros at the origin),
they become identical to one another.

Let us begin by noting that theε-pseudozero set ofp, Zε(p; d), is contained in
the ε′-pseudospectrum ofAp, Λε′ (Ap; d), if ε′ = ε |dn−1 |−1. This is true because we
may viewZε(p; d) as the set of eigenvalues obtained by structured perturbations of
Ap that preserve the companion matrix form:

Zε(p; d) = {z ∈ C z ∈ Λ(Ap̂) for some ˆp ∈ P with ‖Ap̂ −Ap‖d ≤ ε′}.
For a similar reason, the lemniscatic regionLε|d0|−1(p) is contained inZε(p; d), for
we may view this region as the set of zeros obtained by perturbing only the constant
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Fig. 9. Polynomial with zeros 2−10, 2−9, . . . , 29 (ε = 10−3, 10−2)

error(J-T) = 5.12e− 13 u κ(p; c) = 6.49e− 12
error(M-R) = 2.84e− 13 u κ(Ap; t) = 1.36e− 10
error(ROOTS) = 9.66e− 13

Fig. 10. Chebyshev polynomialT20(x) (ε = 10−4, 10−3)

error(J-T) = 1.98e− 10 u κ(p; c) = 5.55e− 11
error(M-R) = 8.59e− 12 u κ(Ap; t) = 2.45e− 10
error(ROOTS) = 4.89e− 12

term of p:

Lε|d0|−1(p) = {z ∈ C : z ∈ Z(p + δ) for some scalarδ ∈ C with |δd0 |≤ ε} .

In summary, we have the following proposition:

Proposition 6.1. The lemniscatic regions, pseudozero sets and pseudospectra satisfy

Lε|d0|−1(p) ⊂ Zε(p; d) ⊂ Λε|dn−1|−1(Ap; d)

providedd0, dn−1 6= 0.

We showed in Sect. 2 that theε-pseudozero setZε(p; d) is the region bounded
by the ε-level curve of a certain function defined over the complex plane (denoted
by ψ(· ; d) later in this section). A similar result (Proposition 6.2) holds for the
ε-pseudospectrumΛε(Ap; d) when ε is sufficiently small (we denote the associated
function, defined below, byφ(· ; d)). From these simple characterizations, we are able
to give analytical relationships between:
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Fig. 11. Polynomial with zeros equally spaced on the section of the sine curve from−π to π (ε =
10−3, 10−2)

error(J-T) = 3.70e− 13 u κ(p; c) = 5.05e− 12
error(M-R) = 5.63e− 13 u κ(Ap; t) = 1.29e− 11
error(ROOTS) = 5.66e− 13

1. The pseudozero sets and the pseudospectra (limitε → 0). Corollary 6.1 shows
thatΛε(Ap; d(1)) andZε′ (p; d(2)) agree with one another in the limitε→ 0, where

ε′ = ε (‖p‖d(2)κ(Ap; d(1)))/(‖Ap‖d(1)κ(p; d(2))).(16)

2. The pseudospectra for different diagonal similarity transformations (limitε →
0). Corollary 6.2 shows thatΛε(Ap; d(1)) andΛε′ (Ap; d(2)) agree with one another in
the limit ε→ 0, where

ε′ = ε (‖Ap‖d(2)κ(Ap; d(1)))/(‖Ap‖d(1)κ(Ap; d(2))).(17)

3. The lemniscatic regions, pseudozero sets and pseudospectra (limitα→∞). For
the special case of polynomial scaling, Corollary 6.3 shows that the lemniscatic region
Lεαn−1(p), the pseudozero setZεαn−1(p; d(α)) and the pseudospectrumΛε(Ap; d(α))
agree with one another in the limitα→∞.

Lemma 6.1. For eachz ∈ C− Z(p),

(zI −Ap)−1 =
1
p(z)

b̃(z)z̃T − B(z)(18)

=
−1
zp(z)

h̃(z−1)z̃T + H(z),(19)

where b̃(z) = (b0(z), . . . , bn−1(z))T is the vector of coefficients of the polynomial
(p(w)−p(z))/(w−z) =

∑n−1
i=0 bi(z)wi, h̃(z−1) = (hn−1(z−1), . . . , h0(z−1))T is the vec-

tor of coefficients of the polynomial(p∗(w)− p∗(z−1))/(w− z−1) =
∑n−1

i=0 hi(z−1)wi,
and

B(z) =


0 1 · · · zn−2

...
...

...
... 1

0

 , H(z) = z−1


1

z−1 ...
...

...
...

z1−n · · · z−1 1

 .
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machine epsilon times
cond. no. of zerofinding problem

max.
error

Fig. 12. Comparison of the accuracy of the Matlab companion matrix algorithm ROOTS with the condi-
tioning of the coefficientwise perturbed zerofinding problem (100 random problems)

machine epsilon times
cond. no. of zerofinding problem

max.
error

Fig. 13. Same as Fig. 12 but for the Jenkins-Traub code CPOLY
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machine epsilon times
cond. no. of zerofinding problem

max.
error

Fig. 14. Same as Fig. 12 but for the Madsen-Reid code PA16

Proof. We can writezI −Ap as

zI −Ap = T (z) + peT
n,

whereT (z) is the bidiagonal matrix withz along its main diagonal and−1 along
its subdiagonal. Application of the Sherman-Morrison formula gives (18), and further
algebraic manipulations yield (19). ut

For eachD ∈ D , let the functionsr(· ; d), ψ(· ; d), andφ(· ; d) be defined by

r(z; d) =

 ‖b̃(z)‖d if |z |≤ 1

|z−1 | ‖h̃(z−1)‖d if |z |> 1,
(20)

ψ(z; d) =
|p(z) |
‖z̃‖d−1

, φ(z; d) =
r(z; d)
ψ(z; d)

.(21)

Note thatr(z; d) is continuous at eachz ∈ Z(p) because‖b̃(z)‖d =| z−1 | ‖h̃(z−1)‖d
if p(z) = 0. Also, from Proposition 2.1,Zε(p; d) is the region bounded by theε-level
curve ofψ(· ; d). Furthermore,

κ(z, p; d) = ‖p‖d‖z̃‖d−1/|p′(z) |,(22)

κ(z,Ap; d) = ‖Ap‖d(r(z; d)‖z̃‖d−1)/|p′(z) |,(23)

for all z ∈ Z(p).

Proposition 6.2. For eachD ∈ D ,

‖(zI −Ap)−1‖d
φ(z; d)

= 1 +O

(
1

φ(z; d)

)
as φ(z; d) →∞.(24)



Pseudozeros of polynomials and pseudospectra of companion matrices 419

normwise (ε = 10−10, 10−9) coefficientwise (ε = 10−7, 10−6)

Fig. 15. ε-pseudospectra ofAp (solid) andε-level curves ofφ(·, d(i)) (dashed) corresponding to normwise
and coefficientwise diagonal similarity transformations for the degree-10 monic polynomial with zeros
1, 2, . . . , 10. The dashed curves are not visible because they match the solid ones to plotting accuracy

Proof. From Lemma 6.1, for|z |≤ 1,∣∣∣∣‖(zI −Ap)−1‖d − ‖b̃(z)‖d‖z̃‖d−1

|p(z) |
∣∣∣∣ ≤ ‖B(z)‖d ≤ m1,

wherem1 = n · max{ |di/dk| : 0≤ i ≤ k − 1, 1≤ k ≤ n− 1}. For | z |> 1, we
have ∣∣∣∣‖(zI −Ap)−1‖d − ‖h̃(z−1)‖d‖z̃‖d−1

|zp(z) |
∣∣∣∣ ≤ ‖H(z)‖d ≤ m2,

where m2 = n · max{ |di/dk| : k + 1≤ i ≤ n− 1, 0≤ k ≤ n− 2}. Combining
these estimates gives∣∣∣∣‖(zI −Ap)−1‖d

φ(z; d)
− 1

∣∣∣∣ ≤ max(m1,m2)
φ(z; d)

,

which implies (24). ut
Example 6.1.We may paraphrase Proposition 6.2 as follows: In the limitε → 0,
Λε(Ap; d) agrees with the region bounded by theε-level curve ofφ(· ; d). Figure
15 illustrates this agreement pictorially. Consider the monic polynomialp with zeros
1, 2, . . . , 10 and diagonal similarity transformationsd(1) = e andd(2) = c. The figure
shows theε-level curves of‖(zI−Ap)−1‖d(i) andφ(z; d(i)), i = 1, 2. To the resolution
of this figure, these two sets of curves are indistinguishable.

We note that in analyzing the conditioning of the eigenvalue problem ofAp, one
is usually only interested in a region whereφ(z; d) � 1. In this case, Proposition 6.2
shows thatφ(z; d) provides an accurate estimate of‖(zI − Ap)−1‖d. Note that only
O(n) flops are needed to calculateφ(z; d) by Horner’s rule as compared withO(n3)
flops needed to calculate‖(zI −Ap)−1‖d by the SVD.

Corollary 6.1. For anyD1, D2 ∈ D andz0 ∈ Z(p),

‖(zI −Ap)−1‖d(1)

1/ψ(z; d(2))
→ ‖p‖d(2)

‖Ap‖d(1)

κ(z0, Ap; d(1))
κ(z0, p; d(2))

as z → z0.(25)
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Fig. 16. ε-pseudospectra (solid) of the balanced companion matrix ofAp andε′-pseudozero sets (dashed)
of p with respect to coefficientwise perturbations for the monic polynomial with zeros 1, 2, . . . , 20 (ε =
10−12, 10−11)

Proof. The left-hand side is equal to

‖(zI −Ap)−1‖d(1)

φ(z; d(1))
· r(z; d(1))‖z‖1/d(1)

‖z‖1/d(2)
.

Sinceφ(z; d) → ∞ as z → z0, by Proposition 6.2, the first fraction tends to 1 as
z → z0. The second tends to

r(z0; d(1))‖z0‖1/d(1)

‖z0‖1/d(2)

becauser(z; d) is continuous atz = z0. Substituting (22) and (23) into this limit gives
(25). ut

Example 6.2.We may paraphrase Corollary 6.1 as follows: In the limitε → 0, the
components ofΛε(Ap; d(1)) andZε′ (p; d(2)) (ε′ as in (16)) containingz0 agree with one
another. Figure 16 illustrates this agreement for the “Wilkinson polynomial”p with
zeros 1, 2, . . . , 20. The figure compares the pseudospectra of the balanced matrix
of Ap and the pseudozero sets ofp with respect to coefficientwise perturbation.
Choosingz0 = 15, the figure plots the boundaries ofΛε(Ap; t) andZε′ (p; c) (ε′ =
ε (‖p‖cκ(z0, Ap; t))/(‖Ap‖tκ(z0, p; c))) for ε = 10−12, 10−11. The agreement is close.

Corollary 6.2. For anyD1, D2 ∈ D andz0 ∈ Z(p),

‖(zI −Ap)−1‖d(1)

‖(zI −Ap)−1‖d(2)
→ ‖Ap‖d(2)

‖Ap‖d(1)

κ(z0, Ap; d(1))
κ(z0, Ap; d(2))

as z → z0.(26)
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Fig. 17. ε-pseudospectra (solid) of the balanced matrix ofAp andε′-pseudospectra (dashed) of the matrix
similar to Ap via the coefficientwise diagonal similarity transformation for the same polynomial as in
Fig. 16 (ε = 10−12, · · · , 10−8)

Example 6.3.Corollary 6.2 can be paraphrased as follows: In the limitε → 0, the
components ofΛε(Ap; d(1)) andΛε′ (Ap; d(2)) (ε′ as in (17)) containingz0 agree with
one another. For illustration, we consider the “Wilkinson polynomial” again as in
Example 6.2. Forz0 = 15, Fig. 17 plots the boundaries ofΛε(Ap; t) andΛε′ (Ap; c)
for ε = 10−12, . . . , 10−8. Again the agreement is close.

Corollary 6.3. For each scalarα > 0, let d(α) = ‖(αn, · · · , α1)‖2(α−n, · · · , α−1).
The following limits hold for eachz ∈ C:

‖(zI −Ap)−1‖d |p(z) |
αn−1

= 1 +O

(∣∣∣ z
α

∣∣∣2) as α→∞,(27)

ψ(z; d(α))
|p(z) | = 1 +O

(∣∣∣ z
α

∣∣∣2) as α→∞.(28)

Proof. It can be shown that

φ(z; d(α)) =
αn−1

|p(z) |
(

1 +O

(∣∣∣ z
α

∣∣∣2)) as α→∞.

Substituting this expression into Proposition 6.2 establishes (27), and (28) follows
from the estimate

‖z̃‖1/d(α) = αn
(

1 +O

(∣∣∣ z
α

∣∣∣2)) as α→∞.
ut

Example 6.4.We may paraphrase Corollary 6.3 as follows: In the limitα → ∞,
Lεαn−1(p), Zεαn−1(p; d(α)) andΛε(Ap; d(α)) agree with one another. Figure 18 illus-
trates this agreement for the monic polynomialp with zeros 1, 2, 3, 4, 5. The figure
showsLε αn−1(p) , Zεαn−1(p; d(α)), andΛε(Ap; d(α)) for ε = 10−4, 10−3, with α = 20.
The figure shows that the agreement is close, especially between the pseudozero sets
and the lemniscatic regions.
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Fig. 18. ε-pseudospectra ofAp (solid), (εαn−1)-pseudozero sets ofp (dashed) and (εαn−1)-lemniscatic
regions ofp (dotted) corresponding to perturbations from the scaling operation onp (ε = 10−4, 10−3;
α = 20)

7. Conclusions

In this paper we have argued that the pseudozero sets of polynomials tend to match
approximately the pseudospectra of the associated balanced companion matrices. This
correspondence gives a geometric explanation of why it is that eigenvalue algorithms
applied to companion matrices appear to compute polynomial zeros stably, an obser-
vation that we have confirmed by experiments comparing the companion matrix code
ROOTS (Matlab) with the more traditional zerofinding codes PA16 (Madsen-Reid)
and CPOLY (Jenkins-Traub).

Although our results become exact in certain limits (Sect. 6), for most polynomials
they are inexact and empirical. We do not claim that they apply to all polynomials
without exception. They are solid enough, however, that a reasonable degree of con-
fidence in zerofinding via companion matrices seems justified.

If accuracy is not an argument againist the use of ROOTS, what about speed? We
have not discussed the basic fact that whereas matrix eigenvalue algorithms require
O(N3) work, polynomial zerofinding codes such as PA16 and CPOLY come closer
to O(N2). For largeN this difference will certainly become significant. However,
polynomial zerofinding is a rather unusual problem of scientific computing: one is
not interested in largeN ! It is very hard to conceive of a genuine application where
it would be a good idea to compute zeros of high-degree polynomials specified by
their coefficients. Thus it is our view that asymptotic complexity is not of decisive
importance for zerofinding algorithms.
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Appendix

The generalized Rayleigh quotient iteration (GRQI) associated with anN×N matrixA with initial vectors
g(0), h(0) and scalars0 generates two sequences of vectors{g(i)}i≥1, {h(i)}i≥1 and a sequence of scalars
{si}i≥1 through the following process:

for i = 1, 2 . . .

(A− siI)Tg(i+1) = g(i),

(A− siI)h(i+1) = h(i),

si+1 = si + g(i+1)Th(i)

g(i+1)Th(i+1) .

It has been shown that this iteration converges cubically under mild conditions, with the sequence{si}i≥1
converging to an eigenvalueλ of A and{g(i)}i≥1 and{h(i)}i≥1 converging respectively to left and right
eigenvectors ofA associated withλ [17]. For general matricesA, the iteration is carried out numerically
by solving two linear systems, forg(i) andh(i), in each step. However if (A−zI)−1 is known analytically
or certain information concerning the left and right eigenvectors ofA is known, this process may be
simplified. In this Appendix, we show that ifA is the companion matrixAp associated with a monic
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polynomialp, then a certain modification of GRQI leads to the Jenkins-Traub variable-shift iteration for
polynomial zeros [8]. In other words, the Jenkins-Traub iteration can be interpreted as a scheme for taking
advantage of companion matrix structure in a Rayleigh quotient iteration so that the work per step is
reduced fromO(N3) to O(N ). This observation is originally due to Jenkins and Traub themselves (Sect. 5
of [8]). The following derivation is the reverse of theirs in that the modified GRQI is derived from the
variable-shift iteration rather than the other way around.

If λ is an eigenvalue ofAp, then the vectorλ̃ = (1, λ, . . . , λn−1)T is a left eigenvector ofAp

associated withλ. Therefore, instead of having an independent sequence{g(i)}i≥1 for the left eigenvectors,
we may modify the GRQI process forAp by takingg(i) to be the vector

g(i) = s̃i−1 = (1, si−1, . . . , s
n−1
i−1 )T.

The generalized Rayleigh quotient iteration then reduces to the following:

for i = 1, 2, . . .(29)

(A− siI)h(i+1) = h(i),(30)

si+1 = si +
s̃T
ih

(i)

s̃T
i
h(i+1) .(31)

Further simplification is possible because (zI −Ap)−1 is known analytically:

(zI −Ap)−1 =
1

p(z)
b̃(z)z̃T −


0 1 · · · zn−2

.. .
. . .

...
. . . 1

0

 ,

whereb̃(z) = (b0(z), . . . , bn−1(z))T is the vector of coefficients of the polynomial (p(w)−p(z))/(w−z) =∑n−1
i=0

bi(z)wi. Applying this formula in (30), we get

h(i+1) =
Hi(si)

p(si)
b̃(si) − η(i)(si),(32)

whereHi(z) is the polynomialHi(z) =
∑n−1

k=0
h(i)
k
zk and η(i)(si) is the vector of coefficients of the

polynomial (Hi(z)−Hi(si))/(z−si). Note that we have used the identity ˜sT
i h

(i) =
∑n−1

k=0
h(i)
k
ski = Hi(si)

in arriving at the above expression.

DefineHi+1(z) to be the polynomialHi+1(z) = z̃Th(i+1). Substituting (32) into this expression gives

Hi+1(z) =
Hi(si)

p(si)
z̃Tb̃(si) − z̃Tη(i)(si)(33)

=
−1

z − si

[
Hi(z) − Hi(si)

p(si)
p(z)
]
.(34)

Let Hi+1(z) be the normalized polynomial ofHi+1(z), i.e., Hi+1(z) = (p(si)/Hi(si)) Hi+1(z). Since
s̃T
i h

(i) = Hi(si) and s̃T
i h

(i+1) = Hi+1(si) = (Hi(si)/p(si)) Hi+1(z), (31) is equivalent to

si+1 = si +
p(si)

Hi+1(si)
.(35)

The combination of (34) and (35) is exactly the Jenkins-Traub variable-shift iteration.

Note added in proof.Since submitting this work for publication, we have become aware of some additional

references that should be mentioned. The new paper [12] by McNamee consists of a 3500-item bibliography

on 31
2 inch diskette of papers related to roots of polynomials. W. Kahan has pointed out to us that since
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Proposition 3.1 involves matrices, not operators of infinite dimension, its proof can be simplified by the

use of dual norms [7] rather than the Hahn-Banach theorem. Finally, our attention has been drawn to a

result of van Dooren and Dewilde [24], recently sharpened by Edelman and Murakami [2]. These authors

prove that ifA is a companion matrix, then any infinitesimal dense matrix perturbationA + δA is similar

to a perturbed matrixA+δA′ of companion form, with‖δA′‖ ≤ C‖δA‖ for someC depending onA but

not δA. Edelman and Murakami give an exact formula relatingδA′ to δA based on an elegant argument

of transversality. Their theorem provides a precise connection between the zeros of polynomials and the

eigenvalues of companion matrices. On the other hand, it is a first-order result, and it does not give explicit

bounds onC; indeed, its validity does not depend on whether or notA has been balanced. Also, it does

not make a priori predictions about perturbations of polynomial coefficients in the coefficientwise relative

sense. For these reasons, it seems there is some work to be done to bridge the gap between the existing

theory concerning perturbed companion matrices and the evidence presented in this paper that “ROOTS is

stable” in a practical sense.

This article was processed by the author using the LaTEX style file pljour1 from Springer-Verlag.


