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Summary. It is well known that the zeros of a polynomialare equal to the eigen-
values of the associated companion mattixin this paper we take a geometric view

of the conditioning of these two problems and of the stability of algorithms for poly-
nomial zerofinding. The-pseudozero set Z.(p) is the set of zeros of all polynomials

p obtained by coefficientwise perturbations pbf size < ¢; this is a subset of the
complex plane considered earlier by Mosier, and is bounded by a certain generalized
lemniscate. The-pseudospectrum A.(A) is another subset of defined as the set

of eigenvalues of matriced = A + E with ||E|| < ¢; it is bounded by a level curve

of the resolvent ofd. We find that if A is first balanced in the usual EISPACK sense,
then Z ), (p) and A 4)(A) are usually quite close to one another. It follows that
the Matlab ROOTS algorithm of balancing the companion matrix, then computing
its eigenvalues, is a stable algorithm for polynomial zerofinding. Experimental com-
parisons with the Jenkins-Traub (IMSL) and Madsen-Reid (Harwell) Fortran codes
confirm that these three algorithms have roughly similar stability properties.

Mathematics Subject Classification (199165F35

1. Introduction

Zeros of polynomials and eigenvalues of nonsymmetric matrices are well-known ex-
amples of problems whose answers may be highly sensitive to perturbations. The
sensitivity of these two problems was made famous among numerical analysts by
Wilkinson in the early 1960s, and contributed to his development of the notions of
stability and conditioning that are now standard in this field [19, 22, 23]. And, of
course, the two problems are related, for the zeros of a polynomial are the same as
the eigenvalues of the associated companion matrix.

Despite the classical nature of the subject, the relationship between these two
problems has received less study than one might suppose. Polynomial zerofinding
has been something of a backwater in numerical analysis, and it is probably fair to
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say that although all numerical analysts know that one can find zeros via companion
matrices in principle, most assume that it isn’'t a good idea to do so. It seems to be not
well known, though it is pointed out in the original paper on the subject [8], that the
central step of the Jenkins-Traub algorithm for polynomial zerofinding is equivalent to
a generalized Rayleigh quotient iteration for finding an eigenvalue of the companion
matrix (for details see the Appendix).

The approach we take in this paper is a geometric one. For a monic polynomial
p(2), let Z(p) denote the zero set (= set of zeros)péf), and, for anye > 0, define
the e-pseudozero seaif p(z) by

(1) Z.p)={z€C:ze Z(@p) for some p},

wherep ranges over polynomials whose coefficients are thoge rabdified by per-
turbations of size< e (for details see Section 2). The relevance of such sets to the
conditioning of the zerofinding problem has been discussed by Mosier [16]. Similarly,
for a matrix A, let A(A) denote the spectrum of, and define the-pseudospectrum

of A by

2) A(A) = {zeC:z€ A(A+E)for some E with ||E| < ¢€}.

Matrix pseudospectra have been studied by Trefethen [21], Godunov [4], and others
going back at least to H.J. Landau in 1975 [11].

In this paper we report numerical experiments that show tat, (p) and
A4 (A) are generally quite close to one another whéerns a companion matrix
of p that has been “balanced” in the usual EISPACK sense proposed originally by
Parlett and Reinsch [18]. It follows that the polynomial zerofinding problem and the
balanced matrix eigenvalue problem are comparable in conditioning and therefore
that finding zeros via eigenvalues of companion matrices, the method used by the
Matlab ROOTS command, is a stable algorithm. To test these conclusions we com-
pare ROOTS with the Jenkins-Traub (IMSL) code CPOLY [10] and the Madsen-Reid
(Harwell) code PA16 [13] for a variety of polynomials. Our experiments suggest that
all three codes are reliable, with the highest accuracy typically achieved by PA16 and
the next-best accuracy by ROOTS.

The significance of pseudozero sets and pseudospectra is not just a matter of
rounding errors and numerical stability. In any applied mathematical problem that ap-
parently depends on polynomial zeros, it is likely that what really matters is whether
| p(2) | is very small, not necessarily exactly zero. Similarly, in a matrix eigenvalue
problem, what really matters may be whethj¢sl — A)~1|| is very large, not neces-
sarily exactly infinity. Thus the investigation of pseudozero sets and pseudospectra is
a natural extension of the zerofinding and eigenvalue problems themselves, not just
a tool for analyzing numerical algorithms.

2. Pseudozero sets of polynomials

We begin this section by introducing some notation:

P The set of monic polynomials of degreewith complex coefficients. For
eachp € P, we will expressp as

p(z) = Zcizi, cn =1
=0
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We will also denote the vector of coefficient (..., c.—1)" by p when
there is no danger of confusion.

Z(p): The set of zeros op.
Da: The reciprocal polynomial of, i.e., p.(z) = z"p(z™Y).
. The set ofn x n diagonal matrices with diagonal entries(@h For each

D € &, we denote its diagonal vectafy . .., d,,_1)T by d; d~* denotes
the vector §,%,...,d; ).
|zl For each nonsingulab € &, the norm||z||, is defined overC™ by

lzlly =Dzl e C

Z For eachz € C, Z denotes the vector (%,...,z" 7.
e1,...,e,. the standard basis ifi"™.

For a fixedD € &7, we can assign a metric dh by

n—1 1/2
~ 2 A 12
|p_p||d:[2|di| Ci—Ci] )

=0

which measures the perturbations in the coefficients reflative to the weights given
by d. Note also that the norrz|| , induces a matrix norm o™ *" (the space of all
n x n matrices overC), which satisfies the formulgA||, = | DAD~Y||,.

For eachp € IP, we define the-pseudozero seif p(z) by

(@)  Zdp;d)={z € C:ze Z(p) for somepc P with ||p — p||;, < €}

These sets quantify the conditioning of the zerofinding problem and arise naturally in
analyzing the stability of zerofinding algorithms. For a zerofinding algorithm to be sta-
ble, the computed zeros pfshould lie in a regiorZ ., (p; d) for an appropriate choice
of d, whereC' = O(||p||la) andu is the machine precision. For example, the choice
d = ||p|l2p~* corresponds to coefficientwise perturbations ahé /n(1,...,1)"
corresponds to normwise perturbations.

The following proposition gives an algebraic characterizatiod @p; d) in terms
of the level curves of a certain function. This allows us to deternd(@; d) numer-
ically.

Proposition 2.1.

Z.(pid) = {ZEC: Ip(2)] <e}.

12l g —
Mosier [16] introduced these sets and proved this proposition indherm. Here we
extend the result to the 2-norm; in fact, it is valid in th@orm for any 1< p < co.

Proof. If z € Z.(p;d), then3 p € P with p(z) = 0 and||p — p|l4« < e. By the Hdlder
inequality,
15(2) = p(2)| = Y (& — i)’

< o =pllallZla-r < ellZlla-1.

|p(2)|

N

To show the converse, considere € such that| p(z) |< €||Z||4-:. Let 6 = argE).
Consider the degree — 1 polynomialr defined by
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n—1
r(w) =Y rw", wherer, =|2%| e *d, %,
k=0
Thenr(z) = ||7||al|Z]|4-1, and the polynomiab & P defined byp(w) = p(w)— &) r(w)

r(z)
satisfiesp(z) = 0 and||p — pl||q = ‘lﬁggl‘ IIrlla <e Thusz € Z.(p;d). O

Note that ifd = e; ™ = (1, o0, . . ., 00)T, thenZ.(p; d) becomes the region bounded
by the usuak-lemniscateof p [6],
L) ={z € C: |p(2)|< €}.
More generally we may call the boundary 8f(p; d) a generalized lemniscate
Example 2.1.Consider the monic polynomial of degree 10 with zeros, 2, ..., 10.
Figure 1 shows the||p||4-pseudozero sets of for two different choices ofl corre-

sponding to coefficientwisel(= ||p|/2p~) and normwised = \/n(1, ..., 1)) pertur-
bations.

a0 F]

/ -
BN

«10[ 4

\

[1] dan B o 5 10
(a) normwise (b) coefficientwise

Fig. 1. €||p||q-pseudozero sets (= 10-7,108) corresponding to normwise and coefficientwise pertur-
bations for the degree-10 monic polynomial with zerg,1..,10. Note the different scales in (a) and

(b)

The ideas described above apply to arbitrary polynomials and finite perturbations.
For the limiting case of infinitesimal perturbations, a single condition number suffices
to describe what may happen to each simple root. Let the condition number of the
root ¢ of p be defined by

. €—¢l
k(& pid) = lim P A :
Ip—plla—0 5 [P = plla/lIplla
Then from Proposition 2.1 we can readily derive the following formula:
Proposition 2.2.

) = ], IElla=?
(4) w62 d) = IPlla) ey -

(Thus for infinitesimak, the component of,,,(p; d) about¢ is the disk of radius
ex(&, p; d)). This result is essentially equivalent to formulas obtained by Gautschi in

a sequence of several papers on polynomial condition numbers [3]. We define the
condition number of the zerofinding problem fotto be

%) k(p;d) = mgax k(& pyd) .
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3. Pseudospectra of companion matrices

For each monic polynomial = }"7_ c;z* € P, the companion matrix associated with
p is then x n matrix

0 .« .. .« .. _CO

1 . —c

(6) Ap = !
1 *0;171

The characteristic polynomial of,, is p itself, and therefore the set of eigenvalues of
A, coincides with the set of zeros pf We now introduce concepts for companion
matrices analogous to those just given for polynomials.

For eachp € P, we define the-pseudospectruraf A, by

(7)Ac(Ap;d) = {z € C : z € A(A) for someA € M, with |A — A,||a < €}.

The size ofA.(A,; d) is related to the conditioning of the companion matrix eigenvalue
problem. The appearance of the nojim||4 in (7) corresponds to the consideration
of diagonally weighted perturbations in the entries4f

8 ||121_Ap||d: HD(A_AP)D_l”Z

The main reason we includ® in our formulation is that the process of balancing
a matrix, to be discussed in the next section, involves a diagonal similarity transfor-
mation; thus this formulation allows us to treat the balanced and unbalanced cases
together. For an eigenvalue algorithm applied to the companion matrix to be sta-
ble, the computed eigenvalues df, should lie in a regiond¢c,(A,; d) for some
C = O(|4,0)-

The following proposition gives an algebraic characterizationgf,,; d) in terms
of the level curves of the norm of the resolventf.

Proposition 3.1.
A(Ad)={z€C:|(zI — A7 Ya> et

This result holds for any, x n matrix and any matrix norm induced by a vector norm;
see [1]. For completeness, we include a proof, omitting the substfgatsimplicity.

Proof. It is easily shown thatl.(A4,; d) is a subset of the right-hand side. To show
the converse, consider ¢ C such that||(z] — A)~!|| = o~ for someey < €. We
can findu € C" such that

|1 = A = o~ andjul = 1

Let v = eg(2I — A)~tu; then|jv|| = 1. By a standard corollary of the Hahn-Banach
theorem, there exists a linear functiorfak (C™)* (the dual space of™) such that
f) =1 and|f]l = 1. Leta = (f(e1),..., fen)); then f(z) = a*z Va € C"
(the superscript means conjugate transpose). Consider the maltrixA + equa*. A
satisfies

Av = Av + equa™v = Av + equ = 2v,

showing thatz is an eigenvalue ofl. Now ||A — A|| = |leoua*|| = €o||f]| = €0 < €, SO
z € A(Ap; d), and this completes the proof. O
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Example 3.1.Consider the companion matrices corresponding to the same polynomial
p as in Example 2.1. Figure 2 compaurgdisi, || ;-pseudospectra of the unbalanced and
balanced (see next section) companion matrices, which turn out to be far larger in
the unbalanced case. By contrast, note the approximate agreement of the curves in
Fig. 2b with those in Fig. 1b.

w1

3

I ﬁ\ | T
_ [\Q/; B

[ -a

E— o 2 x10' o e 10

(a) unbalanced (b) balanced

Fig. 2. €||Ap|lq-pseudospectrac (= 10~7,107°) of the unbalanced and balanced companion matrices
corresponding to the same polynomial as in Fig.1. Note the different scales in (a) and (b), and the
approximate agreement of Figs. 1b and 2b

We define the condition number of the simple eigenvalugf a matrix B by

: A=
k(A\,B;d)= _lim sup . | | .
18-Blla—0 5 |B — Blla/||Blla

A formula for this quantity is (see [5]):

©) x(\, B;d) = || Bl|a ]| g2 [lyl4

lz*y| 7

where the superscript denotes conjugate transpose amdand y are left and
right eigenvectors ofBB, respectively, corresponding to the eigenvalue(Just as
(4) is a consequence of Proposition12(9) can be derived as a consequence of
Proposition 31.) For the special case of the companion mattjx the left and right
eigenvectors can be written in closed form:

(10) r = (L., AHT
(11) y = (bosb1s-.. bn1)T,

whereby, ..., b,_1 (dependent om\) are the coefficients of the monic polynomial

p(z) — pN)/(z = \) = Z?;Ol b;z'. The expression for the condition number then
reduces to the following formula:

Proposition 3.2.

1BV 4l1 Al

(12) k(A Apyd) = || Aplla FZeN ’

whereb(\) = (bo, . . ., bn_1)T.
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(Thus for infinitesimale, the component ofi,| 4, ,(A4,; d) about\ is the disk of
radiusex(), A,; d)). If the eigenvalues ofi,, are simple (equivalently, the zeros pof

are simple), we define the condition number of the problem of finding the eigenvalues
of A, with respect to perturbations of the form given in (8) to be

(13) k(Ap; d) = mgax k(€, Ap; d).

4. The importance of balancing

The conditioning of the eigenvalue problem for a companion matrixmay be
changed enormously by a diagonal similarity transformation. The best one could
hope for would be to find such a transformation that makes the eigenvalue problem
no worse conditioned than the underlying polynomial zerofinding problem. Our ex-
periments show that to up to a factor of 10 or so, the similarity transformation known
as balancingtends to achieve just this. In this section we shall give some details,
comparing balancing with other diagonal similarity transformations and measuring
the results by the scalar condition numbef (13). The plots of the next section
carry these observations further, revealing that balancing tends to achieve an approx-
imate match not only of condition numbers but also of pseudospectra and pseudozero
sets.

Recall from (8) that problems of the condition df, can be formulated in two
equivalent ways: we can either leave the 2-norm fixed and chdpge DA,D~1,
where D is a diagonal matrix, or leavel, fixed and change the 2-norm tpb- |4,
whered = diag(D). Using the latter formulation, we consider four possibilities:

1. Pure companion matrixOne possibility is to consider the matrix (8) with no diag-
onal similarity transformation. Equivalently, the diagonal similarity transformation is
defined byd = e =/n(1,...,1)".

2. Balancing.Balancing the matrix4,, corresponds to finding a diagonal matfixe

& such thatT'A,T~! has the 2-norm of itgth row andith column approximately
equal for each = 1,...,n (we denote||diag(l’~1)||» diag(l’) by t). This idea was
introduced in [18] and is a standard option in EISPACK [20] and also the default
procedure in Matlab [14].

3. Scaling.For each scalatr > 0, the associated scaled monic polynomiabof P
is

1 " C; i
pa(2) =, plaz) = ZO i

The diagonal similarity transformation that corresponds to this scaling operation is
defined by the diagonal matriR,, = diag@®), where

d=@",...,a2(a™, ... a7

4. Coefficientwiself p has all nonzero coefficients, there is a natural diagonal sim-
ilarity transformation associated with it, viz., the coefficientwise diagonal similar-

ity transformation, which is represented by the diagonal matrix diag(), where

c=pllap~.
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We have found empirically that the balancing operation tends to achieve the best
conditioned eigenvalue problem fot, among these four choices of diagonal sim-
ilarity transformations. Specifically, consider the ratios of the eigenvalue condition
numbers for the three other problems to that of the balanced companion matrix, i.e.,
the ratios
o K(Ap; d)

(14) A d=

for d = ¢, d®, ande, with ¢ corresponding to the balancing operation as indicated
above. In the case of polynomial scalingjs chosen to be the optimal value in the
sense thatr(A,; d®)) is minimized. We have found that(A,; ) ando(A,; d¥) are
usually much greater than unity, implying that these two eigenvalue problems are
much worse conditioned than the eigenvalue problem associated with the balanced
matrix. The third ratio,oc(A4,;c), is of order 1 in many cases, but coefficientwise
transformations have the defect that they are not well defined when some of the
coefficients ofp are zero.

Having found that balancing operation achieves approximately the best condi-
tioned eigenvalue problem fad,, we then compare this matrix condition number
with the condition number of the coefficientwise perturbed zerofinding problem for
p. That is, we consider the ratio

k(Ap; t)
Kk(p;c)
Our experiments show that this ratio tends to be of order 1.

Table 1 gives empirical evidence to support these statements. It is a tabulation of
the four ratios discussed above for a variety of degree-20 monic polynomials:

(1) “Wilkinson polynomial”: zeros 12,3, ..., 20.

(2) the monic polynomial with zeros equally spaced in the interv&.1, 1.9].

(3) p(2) = Yi2g 2" /KL,

(4) the Bernoulli polynomial of degree 20.

(5) the monic polynomiak?® + 22° + 218 + ... + 1 (zeros are the 21st roots of unity
except 1).

(6) the monic polynomial with zeros2° 2-°2-8 29,

(7) the Chebyshev polynomial of degree 20.

(8) the monic polynomial with zeros equally spaced on a sine curve, viz/ 13k +
0.5)) +isin(2r/19(k + 0.5)), k=-10,—9,-8,...,9.

The scatter plot ok(p; ¢) versusk(Ap;t) in Figure 3 provides further evidence
that the condition of the balanced companion matrix eigenvalue problem is typically
comparable to that of the coefficientwise perturbed zerofinding problem. For this plot,
we considered a random sample of one hundred degree-10 monic polynomials with
coefficients of the form

(15) ar X 10°* +iay % 1062,

wherea; ande; (: = 1,2) are drawn from the uniform distributions on the intervals
[—1,1] and [-10, 10], respectively. The idea of considering polynomials with random
coefficients of this form to test the quality of zerofinding algorithms was proposed by
Jenkins and Traub in 1974 [9].
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Table 1. Comparison of the conditioning of the balanced companion matrix eigenvalue problem with that
of the eigenvalue problems of various matrices diagonally similad ;o

coefficientwise scaled &) unbalanced k(Ap;t)/k(p;c)
@ 3.4 x 10° 1.9 x 1C® (9.00 23x10% 1.4 x 10
) 2.0x 1P 4.2 x 10P (0.9) 45x10° 3.6 x 10°
3 1.4 x 10 1.7 x 107 (10.0) 1.1 x 10% 5.2 x 10°
4 * 46 x 10° (1.6) 29x10° 8.7 x 10°
(5) 1.1x 10° 94x10°1 (1.1) 11x10° 7.6 x 10°
(6) 1.7 x 10 12x10% (0.8) 1.4x10% 2.1x 10
@ * 6.4 x 10° (0.6) 6.5x10* 4.4 x 10°
) * 3.4 x10* (1.7) 9.6 x 107 2.6 x 10°

*: coefficientwise transformation not defined because of zero coefficient

We should note that the conditions of the balanced companion matrix eigenvalue
problem and the coefficientwise perturbed zerofinding problem are closer for some
polynomials than others. When the zeros of the polynomials are of widely varying
magnitudes, the match tends to be worse; this accounts for the deviation of some
points from the dashed line in Fig. 3.

5. Numerical experiments

We now come to a sequence of more detailed experiments, Figs.4-11. For the same
eight polynomials described in the last section, each figure presents first of all a graph-
ical comparison of two pseudozero séts,. (p; ¢) (¢ = |[p|lp~?) of the polynomial
with the corresponding pseudospectrg 1|, (4,; t) of the associated balanced com-
panion matrix. A reasonably close agreement is observed in all cases.

This agreement of pseudozero sets and pseudospectra suggests that it ought to be
possible to compute zeros of polynomials stably via eigenvalues of balanced compan-
ion matrices. To test this prediction, we have compared three zerofinding methods:

1. J-T. Our first zerofinder is the Jenkins-Traub program CPOLY, available from
ACM TOMS via Netlib and also in the IMSL library [8]. The innermost step of this
algorithm is equivalent to a certain modified generalized Rayleigh quotient iteration
for companion matrices (see the Appendix). A three stage procedure is used, each
stage being characterized by the type of shift involved.

2. M-R. Our second zerofinder is the Madsen-Reid code PA16 from the Harwell
Library [13], which is a Newton-based method coupled with line search. The algorithm
is designed to find zeros beginning with the zero of smallest magnitude of a given
p. Stage 1 of the method uses Newton formula to find a search direction for the real
function | p(z) |. Once the iterates are close enough to a zerp(e), the algorithm
enters stage 2 and uses the standard Newton iteration.

3. ROOTSFinally, we consider ROOTS, the Matlab zerofinding code based on con-
structing the balanced companion matrix and finding its eigenvalues by standard meth-
ods [15]. (Matlab actually uses the QZ algorithm, but our experiments suggest that
the QR algorithm gives similar results.)

In our experiments, we first find the “exact” rootspby computing the eigenval-
ues ofA,, in quadruple precisiorr{ 34 digits) via a standard EISPACK computational
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Fig. 3. Comparison of the condition numbe(A,; t) of the balanced companion matrix eigenvalue problem
with the condition numbek(p; c) of the coefficientwise perturbed zerofinding problem for 100 degree-10
polynomials with random coefficients of the form (15)

path for eigenvalues of a general complex matrix, (CBAL, CORTH, COMQR) [20].
The rest of our computations are then carried out in double precisidt6(digits).

For each of the eight polynomials, Figs. 4—11 list the maximum absolute error of
the roots computed by the above algorithms together with the condition numbers of
the coefficientwise perturbed zerofinding problem jfoand the balanced companion
matrix eigenvalue problem fad,,.

Figures 4-11, and our other numerical experiments, indicate that PA16 is typically
the most accurate of these zerofinding algorithms, followed by ROOTS. Further em-
pirical evidence is presented in Figs. 12-14, which show scatter plots corresponding
to the same sample of one hundred random degree-10 monic polynomials as in Fig. 3.
A few remarks are in order concerning these scatter plots:

First, the scatter plots indicate that ROOTS and PA16 are stable. The Jenkins—
Traub code CPOLY appears somewhat unstable in a few cases.

Second, the error in the zeros computed by ROOTS is typically of the order of
magnitude of the condition number of the coefficientwise perturbed zerofinding prob-
lem, not the balanced companion matrix eigenvalue problem. With reference to Figure
3, we thus observe that ROOTS finds the zeros somewhat more accurately than would
be predicted by the condition number of the balanced companion matrix eigenvalue
problem. We have carried out numerical experiments to explain this phenomenon and
find that it is apparently a consequence of the sparsity of the balanced companion
matrices. The condition number (9) is of course defined for a general square matrix,
not taking sparsity or other structure into account.

Finally, the reader will note the appearance of some points well below the dashed
diagonal line for J-T and M-R, but not ROOTS. These correspond to examples with
zeros that are nearly multiple. Evidently the performance of ROOTS matches linear
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premkizern sets psewigspectra

0
A

L) 10 20 a 10 20
Fig. 4. Wilkinson polynomial ¢ = 10-14,10-13)
error(J-T) = 136e — 02 u K(p; ¢) = 276e—-01
error(M-R) = 153¢-02 u Kk(Ap;t) = 4.00e+00
error(ROOTS) =  $H8 — 03
peawlazars sels pseuwdospecira

o

Fig. 5. Polynomial with zeros equally spaced in2.1,1.9] (e = 10~3,1072)

error(J-T) = 531 — 13 wr(pic) = 657—12
error(M-R) = 246c— 13 ur(Apt) = 234 —11
error(ROOTS) = 6lle — 13
pseudnzero sels pseudospectra
L T . 10 Ty y o
/7 > /J
of | o,
L \
1o \ D I a0 — o\ o
-5 [} 14 B a 0
Fig. 6. Partial sums of the Taylor series fof ¢ = 10~4,10~3)
error(J-T) = 198 — 11 u k(p; c) = 316e—11
error(M-R) = 100 — 12 u Kk(Ap;t) = 1.66e—10
error(ROOTS) = 9P0e — 12
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PSEMKZEN SEls peeudospectsa

A

3 E

Fig. 7. Bernoulli polynomial ¢ = 104, 10~3)

error(J-T) = 410e— 12 u K(p; ¢) = 110e—-11
error(M-R) = 117e—12 u Kk(Ap;t) = 962 —11
error(ROOTS) = 138 — 12
pseudozeno sets pseudospacira

2 2

L 4]

-2 -2

.2 v} 2 2 o a2

Fig. 8. Polynomial with zeros equal to the 21st roots of unity except % {0-1-2,10~1)

error(J-T) = 492 —13 u k(p; ¢) = 422 —16
error(M-R) = 248 — 16 u Kk(Ap;t) = 31% —15
error(ROOTS) = 129 —15

perturbation theory in these cases, whereas J-T and M-R actually do somewhat better.
Thus in these cases ROOTS could be said to be mildly unstable.

6. Asymptotic agreement of pseudozero sets and pseudospectra

In this section we establish various mathematical relationships between pseudozero
sets and pseudospectra of the associated companion matrices, showing in particular
that in the limitse — O (infinitesimal perturbations) and — oo (zeros at the origin),
they become identical to one another.

Let us begin by noting that the-pseudozero set g, Z.(p;d), is contained in
the ¢’-pseudospectrum aof,,, Ao (A,;d), if € =€ |d,—1|71. This is true because we
may view Z.(p; d) as the set of eigenvalues obtained by structured perturbations of
A, that preserve the companion matrix form:

Z(p;d) ={z € C z € A(A;) for somepe P with ||A; — Aplla < €'}

For a similar reason, the lemniscatic regibp,y-1(p) is contained inZ.(p; d), for
we may view this region as the set of zeros obtained by perturbing only the constant
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Fig. 9. Polynomial with zeros 210, 2=9 ... 29 (¢ = 108,102

error(J-T) = 512 —13 u k(p; ¢)
error(M-R) = 284e—-13 u K(Ap; t)
error(ROOTS) =  %B6e — 13
pseadozaro sews s udispectna
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Fig. 10. Chebyshev polynomialyo(z) (e = 10~4,10~3)
error(J-T) = 198 — 10 u k(p; ¢)
error(M-R) = 85% —12 u K(Ap; t)
error(ROOTS) = 8% — 12
term of p:

415

6.49 — 12
1.36e — 10

555 — 11
245 — 10

Legg-1(p) ={z € C : z € Z(p+6) for some scalab € C with [édo|< €} .

In summary, we have the following proposition:

Proposition 6.1. The lemniscatic regions, pseudozero sets and pseudospectra satisfy

deol—l(p) C Zf(p; d) C Ae)dn,ﬂfl(Ap; d)

provideddy, d,,_1 #Z 0.

We showed in Sect. 2 that thepseudozero se¥.(p; d) is the region bounded
by the e-level curve of a certain function defined over the complex plane (denoted
by (- ;d) later in this section). A similar result (Proposition 6.2) holds for the
e-pseudospectrum.(A,; d) when e is sufficiently small (we denote the associated
function, defined below, by(- ; d)). From these simple characterizations, we are able

to give analytical relationships between:
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Fig. 11. Polynomial with zeros equally spaced on the section of the sine curve franto = (¢ =
1073,107?)

error(J-T) = 370c—13 u k(p; c) = 505 —12
error(M-R) = 563k —13 uk(Ap;t) = 12% —11
error(ROOTS) = H6e — 13

1. The pseudozero sets and the pseudospectra dimit0). Corollary 6.1 shows
that A.(A,; d%) and Z.. (p; d®) agree with one another in the limit— 0, where

(16) ¢ = € (Ipllaen(Ap; A/ (|| Apllaw s(p; d®)).

2. The pseudospectra for different diagonal similarity transformations (limit
0). Corollary 6.2 shows thatl(4,;d") and A (4,; d®) agree with one another in
the limit e — 0, where

(17) ¢ = € (|| Apllaos(Ap; d) /(| Apllaw 5(Ap; dP)).

3. The lemniscatic regions, pseudozero sets and pseudospectray(limito). For
the special case of polynomial scaling, Corollary 6.3 shows that the lemniscatic region
Lean—1(p), the pseudozero set,,.-1(p; d¥) and the pseudospectrur.(A,; d))
agree with one another in the limit — co.

Lemma 6.1. For eachz € C — Z(p),
1

(18) (21 — A,)7Y = b(z)5T — B(z)
p(2)
(19) = i ),
zp(z)
where I;(z) = (bo(2),...,bn_1(2))" is the vector of coefficients of the polynomial

(p(w)—p(2)) /(w—2) = X1  bi()w?, ~(z™2) = (h—a(27Y), . .., ho(z~Y))T is the vec-
tor of coefficients of the polynomigh. (w) — p.(z~ 1)) /(w — 2z~ = 3270  hi(z~ Hut,
and

01 ... zn2 1

B(z) = '”:” : . H(z) =21
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max. 1e° T j
error 7y

1wl « 5 ]
o

k]
&

wE . 1

pr o .
machine epsilon times
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Fig. 12. Comparison of the accuracy of the Matlab companion matrix algorithm ROOTS with the condi-
tioning of the coefficientwise perturbed zerofinding problem (100 random problems)
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Fig. 13. Same as Fig. 12 but for the Jenkins-Traub code CPOLY
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max. 1o* 7%
error e

machine epsilon times
cond. no. of zerofinding problem

Fig. 14. Same as Fig. 12 but for the Madsen-Reid code PA16

Proof. We can writez] — A, as
2l — A, =T(2) +pel

whereT'(z) is the bidiagonal matrix withe along its main diagonal and1 along
its subdiagonal. Application of the Sherman-Morrison formula gives (18), and further
algebraic manipulations yield (19). O

For eachD € &7, let the functions(- ;d), ¥(- ; d), and¢(- ; d) be defined by

18(2)l4 if [z]<1
(20) r(z;d) = .
|27 A Ylla I |2]> 1,
Ly P@L ()
e YEDZ 1z YED ey

Note thatr(z; d) is continuous at each € Z(p) because|b(z)||q =| 21| [2(z"Y)|l4
if p(z) = 0. Also, from Proposition 2.17.(p; d) is the region bounded by thelevel
curve ofy(- ;d). Furthermore,

(22) k(z,prd) = lpllallZlla-2/19'(2) 1,
(23) iz, Aprd) = ([ ApllaCr(z; d)||Zlla-2)/|p' (2) ],
for all z € Z(p).
Proposition 6.2. For eachD € &7,
I = Ap)

— 1 .
(24) (2 d) =1+0 <¢(z,d)> as o¢(z;d) — oo.
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-d -4
D - - L S —
normwise ¢ = 1010, 10-9) coefficientwise ¢ = 10~7,10°9)

Fig. 15. e-pseudospectra ofl,, (solid) ande-level curves ofé(-, d?) (dashed) corresponding to normwise

419

and coefficientwise diagonal similarity transformations for the degree-10 monic polynomial with zeros
1,2,...,10. The dashed curves are not visible because they match the solid ones to plotting accuracy

Proof. From Lemma 6.1, fofz|< 1,
B allZ ]
|p(2)]

wheremy = n-max{ |d;/dx| : 0<i<k-1 1<k<n-1}. For|z|> 1, we
have

Mw—%wm < IB@ls < ma,

R allZ g

|2p(2) | <|[H(Z)lla < ma,

\n(zpr)lu

where my = n - max{ |d;/dx| : k+1<i<n-—1 0<k<n-—2}. Combining
these estimates gives

IGzT = A) Yo ‘ max(ny, mz)
d(z; d) T ¢(zd)
which implies (24). O

Example 6.1.We may paraphrase Proposition 6.2 as follows: In the limit O,

A(Ap; d) agrees with the region bounded by thdevel curve of¢(- ;d). Figure
15 illustrates this agreement pictorially. Consider the monic polynopiith zeros
1,2,...,10 and diagonal similarity transformatiods" = e andd® = ¢. The figure
shows the:-level curves of|| (21 — A,) Y| g0 andé(z; d®), i = 1,2. To the resolution
of this figure, these two sets of curves are indistinguishable.

We note that in analyzing the conditioning of the eigenvalue problem, ofone
is usually only interested in a region whefé; d) > 1. In this case, Proposition 6.2
shows thatp(z; d) provides an accurate estimate |t/ — 4,)~ 1| ;. Note that only
O(n) flops are needed to calculat€z; d) by Horner’s rule as compared with(n®)
flops needed to calculatéz1 — A,)~||; by the SVD.

Corollary 6.1. Forany Dy, D, € & andzy € Z(p),

121 — Ap) ™| e Ipllaa K(z0, Ap; dP)

25
@) a7 Al wGopid®)

as z — z2p.
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-0 N X
L1} 10 20

Fig. 16. e-pseudospectra (solid) of the balanced companion matrig,ofind e’ -pseudozero sets (dashed)
of p with respect to coefficientwise perturbations for the monic polynomial with zey@s. 1.,20 (e =
10-12,1071Y

Proof. The left-hand side is equal to

(2T — Ap) =Yl qo . r(z; dD)| 2|1 /q0
P(z; dD) l|2ll1/ae

Since ¢(z;d) — oo asz — zp, by Proposition 6.2, the first fraction tends to 1 as
z — zg. The second tends to

r(z0; dM)|| 0|1 g
l|20ll1/a@

because(z; d) is continuous at = zp. Substituting (22) and (23) into this limit gives
(25). O

Example 6.2.We may paraphrase Corollary 6.1 as follows: In the limit- 0, the
components ofl.(A,; dY) and Z.. (p; @) (¢’ as in (16)) containing, agree with one
another. Figure 16 illustrates this agreement for the “Wilkinson polynomiadiith

zeros 12,...,20. The figure compares the pseudospectra of the balanced matrix
of A, and the pseudozero sets pfwith respect to coefficientwise perturbation.
Choosingzg = 15, the figure plots the boundaries df(A,;t) and Z.(p;c) (¢’ =

€ (|[pller(z0, Aps 1) /(| Apll ek (20, p; €))) for e = 10712, 10-1L. The agreement is close.

Corollary 6.2. Forany D1, D, € & andzy € Z(p),

IGI = Ap) Hlaw [ Apllae K20, Ap; d®)

26 —
@) T = A e Ay w0, Ay d@)

as z — zp.
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-0 [ 1 L a
0 10 20

Fig. 17. e-pseudospectra (solid) of the balanced matrix4gf and ¢’-pseudospectra (dashed) of the matrix
similar to A, via the coefficientwise diagonal similarity transformation for the same polynomial as in
Fig.16 € =10712,...,10°8)

Example 6.3.Corollary 6.2 can be paraphrased as follows: In the limit- O, the
components ofl.(4,; dY) and A (A,; d?) (¢ as in (17)) containing, agree with
one another. For illustration, we consider the “Wilkinson polynomial” again as in
Example 6.2. Forg = 15, Fig. 17 plots the boundaries df(A,;t) and A (Ap;¢)

for e =107%2,...,10°8. Again the agreement is close.

Corollary 6.3. For each scalara > 0, let d® = ||(a”,---,aY)|2(a™™, -, a7Y).
The following limits hold for each € C:
_ -1 2
(27) H(ZI Ap) ]“d ‘p(z)| :1+O(‘Z’ ) as a— oo,
an~ o
- () 2
(28) Vlzid ):1+O<’Z‘) as a — oo.
|p(2)| &

Proof. It can be shown that
a’ﬂ

o (o (lif) e e

Substituting this expression into Proposition 6.2 establishes (27), and (28) follows
from the estimate

Oz d) =

z |2 O
12]l1d0 = ™ (1+Oc(l Q) as o — .

Example 6.4We may paraphrase Cofbllary 6.3 as follows: In the limit— oo,
Lean-1(D); Zean-—1(p;d®) and A (A,; d)) agree with one another. Figure 18 illus-
trates this agreement for the monic polynompalith zeros 12,3 4,5. The figure
ShoWSL, qn-1(p) , Zegn-1(p; d), and A (A,; d¥) for e = 10741073, with o = 20.
The figure shows that the agreement is close, especially between the pseudozero sets
and the lemniscatic regions.
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-3

Fig. 18. e-pseudospectra oft,, (solid), a™~1)-pseudozero sets of (dashed) andeq™~1)-lemniscatic
regions ofp (dotted) corresponding to perturbations from the scaling operatiop n= 10~4, 103
a =20)

7. Conclusions

In this paper we have argued that the pseudozero sets of polynomials tend to match
approximately the pseudospectra of the associated balanced companion matrices. This
correspondence gives a geometric explanation of why it is that eigenvalue algorithms
applied to companion matrices appear to compute polynomial zeros stably, an obser-
vation that we have confirmed by experiments comparing the companion matrix code
ROOTS (Matlab) with the more traditional zerofinding codes PA16 (Madsen-Reid)
and CPOLY (Jenkins-Traub).

Although our results become exact in certain limits (Sect. 6), for most polynomials
they are inexact and empirical. We do not claim that they apply to all polynomials
without exception. They are solid enough, however, that a reasonable degree of con-
fidence in zerofinding via companion matrices seems justified.

If accuracy is not an argument againist the use of ROOTS, what about speed? We
have not discussed the basic fact that whereas matrix eigenvalue algorithms require
O(N®) work, polynomial zerofinding codes such as PA16 and CPOLY come closer
to O(N?). For large N this difference will certainly become significant. However,
polynomial zerofinding is a rather unusual problem of scientific computing: one is
not interested in largéVv ! It is very hard to conceive of a genuine application where
it would be a good idea to compute zeros of high-degree polynomials specified by
their coefficients. Thus it is our view that asymptotic complexity is not of decisive
importance for zerofinding algorithms.
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Appendix

Gautschi, W. (1984): Questions of numerical condition related to polynomials. In: Golub, G.H., ed.,
MAA Studies in Numerical Analysis, vol. 24, Math. Assoc. of America, Washington DC

The generalized Rayleigh quotient iteration (GRQI) associated wiWac_nN matrix A with initial vectors
g, h© and scalasg generates two sequences of vectpy§)},>1, {h};>1 and a sequence of scalars
{s:}i>1 through the following process:

fori=1,2...
(A —5;1)Tgt*h = g,
(A — s; )R = p&)

(DT (0)
—e 4 9
Sl = Si ¥ Ty (ivn) -

It has been shown that this iteration converges cubically under mild conditions, with the sedughea

converging to an eigenvalueof A and{g®},>1 and{h®},> converging respectively to left and right
eigenvectors ofA associated with\ [17]. For general matricedl, the iteration is carried out numerically
by solving two linear systems, fa(® andh(?, in each step. However it{ — zI)~1 is known analytically

or certain information concerning the left and right eigenvectorsdofs known, this process may be
simplified. In this Appendix, we show that ift is the companion matrix4, associated with a monic
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polynomial p, then a certain modification of GRQI leads to the Jenkins-Traub variable-shift iteration for
polynomial zeros [8]. In other words, the Jenkins-Traub iteration can be interpreted as a scheme for taking
advantage of companion matrix structure in a Rayleigh quotient iteration so that the work per step is
reduced fromO(IN3) to O(NV). This observation is originally due to Jenkins and Traub themselves (Sect. 5
of [8]). The following derivation is the reverse of theirs in that the modified GRQI is derived from the
variable-shift iteration rather than the other way around.

If X is an eigenvalue ofd,, then the vectorx = (1,,...,A""1)T is a left eigenvector of4,,
associated with\. Therefore, instead of having an independent sequeg(él%izl for the left eigenvectors,
we may modify the GRQI process fot, by taking ¢ to be the vector

n—1

0 = §i—1= (17 Si—15-+35;_1 )T'

g

The generalized Rayleigh quotient iteration then reduces to the following:

(29) fori=1,2,...

(30) (A — 5 D) = ),
5TR()

1) Si+1 = 8 F 5?H(i+l)'

Further simplification is possible becausd (~ A,)~1 is known analytically:

0 1 cee g2
1-Aa)t= F e - R
p(2) .
1
0

whereb(z) = (bo(2), . . . , br—1(2))T is the vector of coefficients of the polynomial({v) — p(z))/(w — z) =
Z’f’lbi(z)wi. Applying this formula in (30), we get

=0
. H;(s;)~ .
(32) noe = g o),
p(si)
where H;(z) is the polynomialH;(z) = Z:Ol W2k and 7()(s;) is the vector of coefficients of the

polynomial (;(z)— Hi(s;))/(z—s:). Note that we have used the identifjit) = 37"t () = H,(s,)
in arriving at the above expression.

Define H,+1(z) to be the polynomial;.1(z) = 3Th{i*1). Substituting (32) into this expression gives

(33) Hia(z) = 6D T30 5T
p(s:)
. -1 _ H;(s:)
(34) - [HAz)— o p(z)]

Let H;.1(2) be the normalized polynomial off;+1(2), i.e., Hia(2) = (p(si)/Hi(si)) Hysa(2). Since
§ThY = H,(s;) and sTAO™Y = H,41(s;) = (Hi(s:)/p(s:)) Hisa(2), (31) is equivalent to

p(s:)

(35) Si+1 = 85 + .
' " Hialsi)

The combination of (34) and (35) is exactly the Jenkins-Traub variable-shift iteration.
Note added in proof.Since submitting this work for publication, we have become aware of some additional

references that should be mentioned. The new paper [12] by McNamee consists of a 3500-item bibliography
on 3% inch diskette of papers related to roots of polynomials. W. Kahan has pointed out to us that since
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Proposition 3.1 involves matrices, not operators of infinite dimension, its proof can be simplified by the
use of dual norms [7] rather than the Hahn-Banach theorem. Finally, our attention has been drawn to a
result of van Dooren and Dewilde [24], recently sharpened by Edelman and Murakami [2]. These authors
prove that if A is a companion matrix, then any infinitesimal dense matrix perturbatier® A is similar

to a perturbed matrixt +5A’ of companion form, witH|6A’|| < C||6A]| for someC depending om but

not §A. Edelman and Murakami give an exact formula relatf to §A based on an elegant argument

of transversality. Their theorem provides a precise connection between the zeros of polynomials and the
eigenvalues of companion matrices. On the other hand, it is a first-order result, and it does not give explicit
bounds onC; indeed, its validity does not depend on whether or Adhas been balanced. Also, it does

not make a priori predictions about perturbations of polynomial coefficients in the coefficientwise relative
sense. For these reasons, it seems there is some work to be done to bridge the gap between the existing
theory concerning perturbed companion matrices and the evidence presented in this paper that “ROOTS is
stable” in a practical sense.

This article was processed by the author using tigMstyle file pljourl from Springer-Verlag.



