Spectral Methods in Matlab

Lloyd N. Trefethen

[Inside front cover]

Download the programs from

http://www.comlab.ox.ac.uk/oucl/work/nick.trefethen.

Start up Matlab.

Run p1, p2, p3, . . .

Happy computing !

[Inside back cover]

TOPIC PROGRAMS

Chebyshev differentiation matrices 11, 26 Chebyshev differentiation by FFT 18, 19, 20 Clenshaw–Curtis quadrature 30 complex arithmetic 10, 24, 25, 31, 40 differentiation 1, 2, 4, 5, 7, 11, 12, 18 eigenvalue problems 8, 15, 21, 22, 23, 24, 26, 28, 39, 40 finite difference methods 1 Fourier differentiation matrices 2, 4, 8 Fourier differentiation by FFT 5, 6, 28 fourth-order problems 38, 39, 40 Gauss quadrature 30 Gibbs phenomenon 3 inhomogeneous boundary conditions 32, 35, 36 interpolation 3, 9, 10, 13, 16 Laplace and Poisson problems 13, 14, 15, 16, 23, 28, 29, 32, 33, 36 Neumann boundary conditions 33, 37 nonlinear problems 14, 27, 34, 35 periodic domains 21 polar coordinates 28, 29 potential theory 10 pseudospectra 24 Runge phenomenon 9, 10 spectral accuracy 2, 4, 7, 8, 11, 12, 30 time-stepping 6, 19, 20, 25, 27, 34, 35, 37 two-dimensional domains 16, 17, 20, 23, 28, 29, 36, 37, 39 two-point boundary-value problems 13, 14, 32, 33, 38 unbounded domains 8, 24 variable coefficients 6, 8, 22, 23, 24 wave equations 6, 19, 20, 27, 37

Think globally. Act locally.

To Anne

Contents

1 Differentiation Matrices 1 2 Unbounded Grids: The Semi-Discrete Fourier Transform 9 3 Periodic Grids: The DFT and FFT 17 4 Smoothness and Spectral Accuracy 29 5 Polynomial Interpolation and Clustered Grids 41 6 Chebyshev Differentiation Matrices 51 7 Boundary Value Problems 61 8 Chebyshev Series and the FFT 75 9 Eigenvalues and Pseudospectra 87 10 Time-Stepping and Stability Regions 101 11 Polar Coordinates 115 12 Integrals and Quadrature Formulas 125 13 More About Boundary Conditions 135

14 Fourth-Order Problems 145

Foreword

The aim of this book is to teach you the essentials of spectral collocation methods with the aid of forty short Matlab^R◯ programs, or “M-files”.* The

programs are available online at http://www.comlab.ox.ac.uk/oucl/work/

nick.trefethen, and you will run them and modify them to solve all kinds of ordinary and partial differential equations (ODEs and PDEs) connected with problems in fluid mechanics, quantum mechanics, vibrations, linear and nonlinear waves, complex analysis, and other fields. Concerning prerequisites, it is assumed that the words just written have meaning for you, that you have some knowledge of numerical methods, and that you already know Matlab.

If you like computing and numerical mathematics, you will enjoy working through this book, whether alone or in the classroom—and if you learn a few new tricks of Matlab along the way, that’s ok too!

Spectral methods are one of the “big three” technologies for the numerical solution of PDEs, which came into their own roughly in successive decades:

1950s: finite difference methods 1960s: finite element methods 1970s: spectral methods

Naturally, the origins of each technology can be traced further back. For spectral methods, some of the ideas are as old as interpolation and expansion,

*Matlab is a registered trademark of The MathWorks, Inc., 2 Apple Hill Drive, Natick, MA 01760-2098, USA, tel. 508-647-7000, fax 508-647-7001, info@mathworks.com,

http://www.mathworks.com.

and more specifically algorithmic developments arrived with Lanczos as early as 1938 [Lan38,Lan56] and with Clenshaw, Elliott, Fox and others in the 1960s [FoPa68]. Then, in the 1970s, a transformation of the field took place initiated by work by Orszag and others on problems in fluid dynamics and meteorology, and spectral methods became famous. Three landmarks of the early modern spectral methods literature were the short book by Gottlieb and Orszag [GoOr77], the survey by Gottlieb, Hussaini, and Orszag [GHO84], and the monograph by Canuto, Hussaini, Quarteroni and Zang [CHQZ88]. Other books have been contributed since then by Mercier [Mer89], Boyd [Boy00] (first edition in 1989), Funaro [Fun92], Bernardi and Maday [BeMa92], Fornberg [For96], and Karniadakis and Sherwin [KaSh99].

If one wants to solve an ODE or PDE to high accuracy on a simple domain, and if the data defining the problem are smooth, then spectral methods are usually the best tool. They can often achieve ten digits of accuracy where a finite difference or finite element method would get two or three. At lower accuracies, they demand less computer memory than the alternatives.

This short textbook presents some of the fundamental ideas and techniques of spectral methods. It is aimed at anyone who has finished a numerical analysis course and is familiar with the basics of applied ODEs and PDEs. You will see that a remarkable range of problems can be solved to high precision by a few lines of Matlab in a few seconds of computer time. Play with the programs; make them your own! The exercises at the end of each chapter will help get you started.

I would like to highlight three mathematical topics presented here that, while known to experts, are not usually found in textbooks. The first, in Chapter 4, is the connection between the smoothness of a function and the rate of decay of its Fourier transform, which determines the size of the aliasing errors introduced by discretization; these connections explain how the accuracy of spectral methods depends on the smoothness of the functions being approximated. The second, in Chapter 5, is the analogy between roots of polynomials and electric point charges in the plane, which leads to an explanation in terms of potential theory of why grids for non-periodic spectral methods need to be clustered at boundaries. The third, in Chapter 8, is the three-way link between Chebyshev series on [−1, 1], trigonometric series on [−π, π], and Laurent series on the unit circle, which forms the basis of the technique of computing Chebyshev spectral derivatives via the Fast Fourier Transform. All three of these topics are beautiful mathematical subjects in their own right, well worth learning for any applied mathematician.

If you are determined to move immediately to applications without paying too much attention to the underlying mathematics, you may wish to turn directly to Chapter 6. Most of the applications appear in Chapters 7–14.

Inevitably, this book covers only a part of the subject of spectral methods. It emphasizes collocation (“pseudospectral”) methods on periodic and on

0. xi

Chebyshev grids, saying next to nothing about the equally important Galerkin methods and Legendre grids and polynomials. The theoretical analysis is very limited, and simple tools for simple geometries are emphasized rather than the “industrial strength” methods of spectral elements and hp finite elements. Some indications of omitted topics and other points of view are given in the Afterword.

A new era in scientific computing has been ushered in by the development of Matlab. One can now present advanced numerical algorithms and solutions of nontrivial problems in complete detail with great brevity, covering more applied mathematics in a few pages that would have been imaginable a few years ago. By sacrificing sometimes (not always!) a certain factor in machine efficiency compared with lower-level languages such as Fortran or C, one obtains with Matlab a remarkable human efficiency—an ability to modify a program and try something new, then something new again, with unprecedented ease. This short book is offered as an encouragement to students, scientists, and engineers to become skilled at this new kind of computing.

A Note on the Matlab Programs

The Matlab programs in this book are terse. I have tried to make each one compact enough to fit on a single page, and most often, on half a page. Of course, there is a message in this style, which is the message of this book: you can do an astonishing amount of serious computing in a few inches of computer code! And there is another message, too. The best discipline for making sure you understand something is to simplify it, simplify it relentlessly.

Without a doubt, readability is sometimes impaired by this obsession with compactness. For example, I have often combined two or three short Matlab commands on a single program line. You may prefer a looser style, and that is fine. What’s best for a printed book is not necessarily what’s best for one’s personal work.

Another idiosyncrasy of the programming style in this book is that the structure is flat: with the exception of a crucial function cheb defined in Chapter 6 and used repeatedly thereafter, I make almost no use of functions. (Three further functions chebfft, clencurt, and gauss are introduced in Chapters 8 and 12, but each is used just locally.) This style has the virtue of emphasizing how much can be achieved compactly, but as a general rule, Matlab programmers should make regular use of functions.

Quite a bit might have been written to explain the details of each program, for there are tricks throughout this book that will be unfamiliar to some readers. To keep the discussion focused on spectral methods, I made a deliberate decision not to mention these Matlab details except in a very few cases. This means that as you work with the book, you will have to study the programs, not just read them. What is this “pol2cart” command in Program 28

(p. 120)? What’s going on with the index variable “b” in Program 36 (p. 142)? You will only understand the answers to questions like these after you have spent time with the codes and adapted them to solve your own problems. I think this is part of the fun of using this book, and I hope you agree.

The programs listed in these pages were included as M-files directly into the L^ATEX source file, so all should run correctly as shown. The outputs displayed are exactly those produced by running the programs on my machine. There was a decision involved here. Did we really want to clutter the text with endless formatting and Handle Graphics commands such as fontsize, linewidth, subplot, and pbaspect, which have nothing to do with the mathematics? In the end I decided that yes, we did. I want you to be able to download these programs and get beautiful results immediately. Equally important, experience has shown me that the formatting and graphics details of Matlab are an area of this language where many users are particularly grateful for some help.

My personal Matlab setup is nonstandard in one small way: I have a file

startup.m that contains the line set(0,’defaultaxesfontsize’,12). This

makes text appear by default slightly larger than it otherwise would.

The programs in this book were prepared using Matlab version 5.3. As later versions are released in upcoming years, unfortunately, it is likely that some difficulties with the programs will appear. Updated codes with appropriate modifications will be made available online.

To learn Matlab from scratch, or for an outstanding reference, I recommend SIAM’s new MATLAB Guide, by Higham and Higham [HiHi00].

Acknowledgments

I must begin by acknowledging two special colleagues who have taught me a great deal about spectral methods over the years. These are André Weideman, of the University of Stellenbosch, coauthor of the Matlab Differentiation Matrix Suite [WeRe00], and Bengt Fornberg, of the University of Colorado, author of A Practical Guide to Pseudospectral Methods [For96]. These good friends share my enthusiasm for simplicity—and my enjoyment of the occasional detail that refuses to be simplified, no matter how hard you try. In this book, among many other contributions, Weideman significantly improved the crucial program cheb.

I must also thank Cleve Moler, the inventor of Matlab, a friend and mentor since my graduate school days. Perhaps I had better admit here at the outset that there is a brass plaque on my office wall, given to me in 1998 by The MathWorks, Inc., which reads: FIRST ORDER FOR MATLAB, February 7, 1985, Ordered by Professor Nick Trefethen, Massachusetts Institute of Technology. I was there in the classroom at Stanford when Moler taught the numerical eigensystems course CS238b in the winter of 1979 based around this new experimental interface to EISPACK and LINPACK he had cooked up. I am a card-carrying Matlab fan.

Toby Driscoll, author of the SC Toolbox for Schwarz–Christoffel conformal mapping in Matlab [Dri96], has taught me many Matlab tricks, and he helped to improve the codes in this book. He also provided key suggestions for the nonlinear waves calculations of Chapter 10. The other person whose suggestions improved the codes most significantly is Pascal Gahinet of The MathWorks, Inc., whose eye for Matlab style is something special. David

Carlisle of NAG, Ltd., one of the authors of L^ATEX 2ε, showed me how to make blank lines in Matlab programs come out a little bit shortened when included as verbatim input, saving precious centimeters for display of figures. Walter Gautschi and Sotiris Notaris informed me about matters related to Clenshaw– Curtis quadrature, and Jean-Paul Berrut and Richard Baltensperger taught me about rounding errors in spectral differentiation matrices.

A number of other colleagues commented upon drafts of the book and improved it. I am especially grateful to John Boyd, Des Higham, Nick Higham, Álvaro Meseguer, Paul Milewski, Damian Packer, and Satish Reddy.

In a category by himself goes Mark Embree, who has read this book more carefully than anyone else but me, by far. Embree suggested many improvements in the text, and beyond that, he worked many of the exercises, catching errors and contributing new exercises of his own. I am lucky to have caught Embree at a stage of his career when he still has so much time to give to others.

The Numerical Analysis Group here at Oxford provides a stimulating environment to support a project like this. I want particularly to thank my three close colleagues Mike Giles, Endre Süli, and Andy Wathen, whose friendship has made me glad I came to Oxford; Shirley Dickson, who cheerfully made multiple copies of drafts of the text half a dozen times on short notice; and our outstanding group secretary and administrator, Shirley Day, who will forgive me, I hope, for all the mornings I spent working on this book when I should have been doing other things.

This book started out as a joint production with Andrew Spratley, a D. Phil. student, based on a masters-level course I taught in 1998 and 1999. I want to thank Spratley for writing the first draft of many of these pages and for major contributions to the book’s layout and figures. Without his impetus, the book would not have been written.

Finally, special thanks for their encouragement must go to my two favorite younger mathematicians, Emma (8) and Jacob (6) Trefethen, who know how I love differential equations, Matlab, and writing. I’m the sort of writer who polishes successive drafts endlessly, and the children are used to seeing me sit down and cover a chapter with marks in red pen. Jacob likes to tease me and ask, “Did you find more mistakes in your book, Daddy?”